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IHHOACHUTEJIBHAS 3AIINCKA

Heo6xoaumocTh paboThI MPEANPUATHI M OpTaHU3aINi B COBPEMEHHBIX
YCIIOBUSIX TpeOyeT IMOBBIMIEHUS] KadeCcTBA MAaTEMaTHYECKOH IMOATOTOBKH
BBIITYCKHUKOB 3KOHOMHYECKUX By30B. OT HUX TpeOyeTcs 3HaHHe MaTeMa-
TUYECKIUX METOJIOB PEIIeHUs 3aJad, yMEHHE CTPOUTh MaTeMaTHYECKHe
MOJIEJH peaTbHBIX SKOHOMHYECKUX MTPOIECCOB U SIBICHUH.

B moco6um paccMOTpeHbI OCHOBHEIE MOHATHS Kypca BBICIIEH MaTeMa-
THKHA YKOHOMHYECKOTO By3a M MaTeMaTH4deckue (hakTbl, KOTOpble HE0OXO-
MUMBI U pEelIeHrs] TUMOBBIX 3amad. CTyJeHTaM TOMOXKET B YCBOCHHHU
MpeIaraeMoro Marepraia MPUBEACHHBIE PEIIeHns 3a1ad U TecThl. [py-
rue, Ooyee CIOXKHBIE 33J]a9d MOKHO HAalTH B y4eOHBIX IMOCOOUSX, MPE-
JIOKEHHBIX B CITUCKE PEKOMEHIYeMOH JINTEPATYPHI.



Tema 1. DJIEMEHTBI TEOPUU MHOXECTB
1.1. ITonsiTHE MHOKECTBA

Heotpemiemoit 0cOOEHHOCTHIO YETOBEYECKOTO MBIIUICHUS SIBIIAETCS
TO, UTO OKPYKAIOIIUHA MHpP €My TPEICTaBISETCS COCTOSIIUM H3 OT/IENb-
HBIX 00BEKTOB (IIPEIMETOB), XOTS HAa CAMOM JIelie OKPYXKAroIIast TeUCTBH-
TENBHOCTD TpeACTaBIsAeT coO00i equHOe Hepa3peiBHOE Ienoe. Crienyer,
OJTHAKO, 3aMETUTh, YTO BEIICTICHHE B OKPYXKAIOIIEM MHPE OOBEKTOB SIBIIS-
€TCsl MPOU3BOJBHBIM aKTOM HAIIEro CO3HAHUS, KOTOPBHIA TO3BOJSET HAM
c(hopMHpOBaTH AOCTYITHYIO JJIsl pallMOHAIHHOTO aHAIN3a KApTUHY MHUpa, U
€CTECTBEHHBIM CITOCOOOM OpPTaHM3alM{ HAIIETO MBITILICHHS.

[lonsiTHe MHOXECTBa SIBIAETCS OJHHUM H3 OCHOBHBIX B COBPEMEHHOM
MaTeMaTHuke; OOBIYHO OHO MPUHUMAETCS 32 MEePBOHAYAIBHOE U TOITOMY
HE OMpeAeNseTcsl Yepe3 ApYyrue MOHATHS. MOXKHO JHIIb CKa3aTh, 4TO
MHOJCeCmB80 — 3TO COBOKYIMHOCTh HEKOTOPBIX OOBEKTOB, paccMaTpuBae-
Masi Kak OHO Iienoe. Ho 3Ti mocnenHue cioBa He clieayeT HOHUMATh Kak
oTpezieNieHNe MOHATHS MHOXECTBA, TaK KaK CIIOBO «COBOKYITHOCTH)» HAMHU
He ompexaeneHo. CIoBa «COBOKYITHOCTEY», «COOpaHHe», «ToJmay, «Opura-
JIay, «CUCTeMay» SIBIISIOTCS CHHOHMMAaMH CIIOBA «MHOXECTBO», MBI HX
MPUMEHSIEM ISl JOCTMDKEHUS WHTYWTHUBHOW SICHOCTH €ro cmeicia. Taxk,
MOKHO TOBOPHTH O MHOXKECTBE BCEX JKUTeNled r. ['omensi, MHOXKECTBe Jie-
PEBBEB B MapKe, MHOXKECTBE CTYACHTOB B CTYJEHYECKOH TIpymre u T. .
OOBEKTHI, COCTABJIAIONINE TAHHOE MHOKECTBO, HA3bIBAOTCS €T0 9/1eMEeH-
mamu.

[IponsBonbHEIE MHOXKECTBAa OOBIYHO O0O3HAYAIOTCS 3ariaBHBIMHU Jia-
THHCKUMHU OykBamu A, B, C, ..., wiu ¢ IOMOIIBIO OHOW OYKBBI ¢ MHJIEK-
COM JIaTHHCKOTO andaButa, Harpumep, Ay, Ay, ..., An.

MHOXeCTBO, HE cojep)Kallee HH OJHOTO 3JIEMEHTa, HA3BIBACTCS n)-
cmoim. [Tycroe MHOXKECTBO 0003HAYAETCSI € TTOMOIIBIO CUMBOJIA (.

DNeMEeHThl MHOXKECTB 0003HAYAIOTCS C ITOMOIIBIO MaJIbIX OYKB JIATHH-
ckoro andasuta @, b, C, WK ¢ OMOIIBIO KaKOW-TH00 OJHOM OYKBBI Jia-
TUHCKOTO anaBuTa C HHACKCOM, HAIIPUMEDP, 81, ay, ..., an.

Tor (hakt, 4TO 3MEMEHT @ MPUHAJICIKUT MHOKECTBY A, MBI Oy/IeM Kpat-
KO 0003HauaTh & € A, €CITH JK€ JIEMEHT & HE MIPUHAJICKUT MHOXKECTBY A,
TO 0OBIYHO IPUMEHSIOT 3anuch a ¢ A. Hanpumep, -5 € Z, rne Z — MmHOXe-
cTBO 1enbix unceln, —2 € N, rae N — MHOXKECTBO HaTypaibHBIX YUCEI.

Eciu kaxmplid 3MEMEHT MHOXKECTBA A SBISETCS TaKXKe JJIEMEHTOM
MHOXXECTBa B, TO A Ha3bIBACTCS NOOMHONCECMB80OM MHOXKECTBA B (MHOXKe-
CTBO B Ha3bIBaeTCs GKIOUAOWUM MHOXKECTBO A). B 3TOM ciydae ymo-
TpebusttoT 3anmck A < B unu B D A. [Ipu 3ToM MOTYT OBITH UCTIONIB30BaHBI
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ciemyromue ciioBa: A BXoauT B B unu A conaepKutcs B B; B comepxut A.
SIBnsierca oueBUAHBIM, 4TO ecniu A € B u B C A, TO B 3TOM ciy4ae MHO-
’)kecTBa A M B Ha3BIBAIOTCS pasHuiMu. PaBHBIE MHOJKECTBA COCTOSAT U3 OJI-
HUX M TeX K€ DIIEMEHTOB. Vcxo/s u3 omnpeeneHus mycToe MHOKECTBO )
SIBJISIETCS TIOJIMHOKECTBOM JTFOOOr0 MHOKECTBA.

Ecin A — moaMHOXKECTBO MHOKECTBa B, HO MHOKECTBO B oOiagaer
XOTs ObI OJHUM DJIEMEHTOM, He BXoaammM B 4 (T. €. eciu A — Bu A # B),
TO A HA3BIBACTCS COOCMBEHHBIM NOOMHONCECMBOM MHOJCecméa B. B atoM
CiTy4ae MpUMEHSIoT 3anmuch 4 C B wiu B D A. B wactHOCTH, 3amuch 4 # O
1 A D () o3Ha4YaeT OJIWH ¥ TOT ke (PaKT: MHOKECTBO 4 HE IyCTO.

Teopema 1. Brxnouernue mHodcecms obnadaem cOUCMBAMU.
1) [na niobo20 mnosxcecmea A Ac A
2) st mo6vix mnoaxcecms A, B, Cuz Ac B, B< C credyem AcC.

>1. Ecrmx e A, toxe A, noatomy Ac A (Xxe A= XxeA), cienosa-
TenpHO, AC A

2.(xeA=>xeB, xeB=xeC) = (xe A= xeC), cienoBareib-
Ho, AcC «.

OtrmeTnm €IIC, YTO CICAYCT pas3jindaTb d3JIEMEHT a@ U MHOXKECTBO {a},

COCTOSIIIIEe M3 OJHOTO 3JIEMEHTa @. Takoe pa3inyue JUKTYeTCS pa3ind-
HBIMH COOOPa)XEHUSIMU, CPEI¥ KOTOPBIX MOYKHO BBIICIHUTH HEOIUHAKO-
BOCTb UX POJIEH B TECOPUU MHOXKECTB.

MHOXECTBO, COCTOSIIEe U3 KOHEYHOTO YHCIIA SJIEMEHTOB, Ha3bIBACTCS
KOHeuHbiM, B TIDOTUBHOM ciiydae — Oeckoneunwvim. Hampumep, N, Z, R
(MHOXECTBO BCEX JECHCTBUTEIBHBIX YHCEN) — OECKOHEYHBIE MHOKECTBA.
Yucno 21eMEeHTOB KOHEYHOTO MHOXKECTBa X Ha3bIBACTCS €TI0 MOUHOCHIBIO
u 0003HavaeTcs | X | OueBuaHo, uto | @ | = 0.

MHOXECTBO CUMTACTCSI 3aJaHHBIM, €CJIH U3BECTEH KaKo#H-TO croco0, Ko-
TOPBIH MO3BOJISIET HAaM JJIsI JIIOOOTO MpeaMeTa (dIIEMEHTa) PEIINTh BOIIPOC
0 TOM, IPUHAJICKUT JIK OH ITOMY MHOKECTBY.

Hcnone3yloT cienyomme cnocoowl 3a0anus MHONMCECME.

1. Ilepeuucnenuem B IpOU3BOILHOM HOPSIIKE BCEX HIEMEHTOB MHOXKe-
ctBa. [Ipu 3TOM Ha3BaHMs BCEX DIIEMEHTOB MHOXKECTBA 3alMCHIBAIOTCS B
CTPOUKY, OTAEISIIOTCS MEXIy COOOH TOUKOH C 3amaTol M 3aKIIF0YaloTCs B
¢urypHsie ckoOku. Hampumep, {oHenenbHUK; BTOPHUK; CpeJla; YETBEPT;
TATHAIA; Cy660Ta; BOCKPECEHbe} — MHOKECTBO IHeii Henerw, {a;b; c;d | —
MHOKECTBO, COCTOSIIIEE M3 AIIEMEHTOB 4, b, C, d (3T0 MHOKECTBO MOKHO
3anucarb, IePeYUCINB €ro AJIEMEHTHI B JIIOOOM APYroM MOPSIKE, HApU-
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mep, {C;a; d;b}).

OTMeTI/IM, YTO CJICAYET pa3jnydaTrb 3JIEMCHT d U MHO>XECTBO {a}, CO-
CTOsIIEeEe U3 OJHOI0 DTOTO BJIEMEHTAa a. Takoe pas3jiniue JUKTYCTCSA pas-
JIMYHBIMH COO6pa)KeHI/IHMI/I, Cp€au KOTOPBIX MOXHO BBIACIUTH HCOJAWHA-
KOBOCTb UX POJIEH B TEOPHU MHOKECTB. OUEBHIHO, YTO C IIOMOIIBIO TIEPE-
YUCJICHHUA MOKHO 3a4aBaTh JINIITb KOHCYHBIC MHOXXCCTBA.

2. Onucanuem xapaxmepucmu4eckux c60Ucme, KOTOpbIMU 00JIaJar0T dJie-

MeHThl MHOecTBa. IIpu 3toM ynorpebmsercs obo3HaueHne A= {X| P(X)},

T. €. MHOXXECTBO 4 COCTOHUT U3 JIEMEHTOB X TaKUX, YTO X 00JalaeT CBOM-
ctBoM P. CBoticTBO P(Xx) Ha3BIBAIOT TAKXKE NPEOUKaAmom.

Hanpumep, nansl cienyromye MHOKECTBA:

a) MHOXKECTBO BCEX HEUETHBIX HATYPaJIbHBIX YHCEI;

0) MHOXKECTBO BCEX JCHCTBUTEIBHBIX YHCEN, KOTOPBIE YAOBIECTBOPSIOT
JIBOTHOMY HEPaBEHCTBY 3 < x < 9;

B) MHOXECTBO BCEX TOUEK MPOCTpaHcTBa R®, paccTosHme 10 KOTOPHIX
OT JaHHoM Touku O paBHO 4;

') MHOKECTBO BCEX MPOCTHIX JenuTenel uncia 24;

1) MHOXXECTBO COTPYAHUKOB MaraszuHa «lIpoaroBaper».

MateMaTHyecKl MHOKECTBA MOYKHO 3aIMCaTh TaK:

1) {X| xeN,2| x(T.e.2 nermr X)}
2) {X|X€R, xe(3; 9]}

3) {x||x0| =4}

4) {X| X — IPOCTOCUHCIIO, X| 24 }

5) {X| X — COTpYyAHUKMAarasuHa «Hpo/:[mBapm»}.

3. C moMombio nopodicoaioueli npoyedypsl, OIUCHIBAIOIIEH CII0CO0
MOJYYEHUS DJIEMEHTOB MHOXKECTBA U3 YK€ IOJYyYEHHBIX 3JIEMEHTOB WM
Ipyrux o0bekToB. [Ipu 3TOM 31€MeHTaMu MHOXECTBA SIBISIIOTCS BCe 00b-
€KTbl, KOTOPbIE MOTYT OBITh TIOCTPOEHBI TAKOH MPOLETypPOH.

Hanpumep, MHOXXeCTBO Z 1EJIBIX YUCEN MOXHO 33/1aTh C MOMOIIBIO
NPOLENYPHI, CoAep Kalleld TpH MpaBuia;

a)0 e Z;

0)ecmzeZ,toz+1 e Z

B)ecntuZ € Z,T0—-2 € Z.

BecsMma yacto MuoxkectBa 4, B, C, ..., u3ydaeMble B MaTEMaTHUKE, SIB-
JSIFOTCA TIOAMHOXECTBAMH HEKOTOpOro Oojiee IIMPOKOr0 MHOXecTBa X,
KOTOpOE B JaHHOM PAacCMOTPEHUHU NPHHUMAETCS B Ka4ECTBE OCHOBHOZ0,
WIH YHUGepCaIbHo20 (noH020).



Hampumep, eciu MbI paccMaTprBaeM pa3lUYHbIE MHOYKECTBA JKUTEIEH
r. ['omens (A — mHOXecTBO xuteieit llenrpanpHOTO paiiona, B — MHOMXKe-
CTBO >kuTenel YKeae3HoJOPOKHOTO paiioHa W T. 1.), TO B Ka4eCTBE YHH-
BEpCAILHOTO MHOXECTBa X €CTeCTBEHHO BBIOPAaTh MHOXKECTBO BCEX JKHTE-
ne# r. 'omens.

st BBIpayKeHUST IPUHAIIICKHOCTH JIEMEHTa X YHHBEPCATHHOTO MHO-
JKecTBa X ero MoJIMHOMECTBY A MOXXHO HCIOJB30BaTh M MOHSITHE Xapak-
TepucTHYeCKON (DYHKIMU W a(X), 3HAUCHHUS KOTOPOU YKa3bIBAIOT, SIBIISICT-
¢ M (I1a YUTH HET) DJIEMEHTOM TIOJIMHOYKECTBA A

_J1, ec x € A4,
HA(X)_{O, ecm x & A.

Ilpumep 1.1. IlycTs yHUBEpCATIBHOE MHOKECTBO X COCTOUT M3 IIECTH 3JIe-
MEHTOB: X = {xl; Xo; X3; Xa; X5 x6} — U IIyCTh OAMHOKECTBO A = {xl; X3; Xg }

Beimuiem U1 KaXkA0To 3J€MEHTa MHOXKECTBa X 3HAYCHUE XapaKTepH-
CTUYECKOW (QyHKIMHU (CTENEHb ero MPUHAIIC)KHOCTH OJAMHOXKECTBY A):

ua(x) =1 pa(x2) =0, pa(xs) =1 pa(Xs) =0, pa(xs) =1, pa(xs) =0.

OTO MO3BOJSET MPEACTABUTH MOIAMHOXKECTBO A Yepe3 BCE IIEMEHTHI
MHOXecTBa X, COMPOBOAWB KaKIBIH M3 HUX 3HAYCHUEM €ro XapakTepu-
cTrueckor QpyHKIMK (M QYHKIUU IPHHAIIIE)KHOCTH):

A={(x;1), (%23 0), (x3;2), (x43 0), (xs; 1), (x; O)}

I'eomeTprYecKr MHOXKECTBA TAK)KE OYCHb yJIOOHO MPEICTaBIISITh C T0-
MOIIBIO Juacpamm Benna. IX mOCTpOCHHE 3aKITIOYAETCS B M300paKeHUH
YHUBEPCAJIIBHOI'O MHOKECTBA C MOMOIIBIO TOYCK 60JII)H_[OFO IpAMOYTOJIbHU -
Ka, a BCeX MOJAMHOXECTB YHUBEPCAIBHOI'O MHOXECTBA — C TIOMOIIBIO TO-
YeK KPYroB (MM KaKUX-THOO APYTUX 3aMKHYTBIX HECaMOIIEPECEKarOInX-
csl QUryp), pacroyIOKEHHBIX BHYTPH 3TOTO OOJBIIOTO MPSMOYTOIBHHKA.

1.2. Onepanuu HaX MHOKECTBAMH

[pesxie Bcero He0oOXOMMO ONPEETHTh B JaHHOM MHOXecTBe {a; b; C}
aneebpauieckyo onepayuio, T. €. yKa3aTh NPaBHJIO, COTJIACHO KOTOPOMY
KQXIBIM JBYM DJIEMEHTaM COIOCTABISECTCSI HEKOTOPBIA TPETHH DJIEMEHT
aTOr0 MHOXKecTBa. Hanpumep, Bo MHOkecTBe N HaTypaibHBIX 4MCEN 3a-
JIaHBI JIBE alIreOpandecKue ONEpalt: CloJCeHUe, IO KOTOPOMY KaXIbIM
JIBYM HaTypaJIbHBIM YHCIaM & U D cTaBuTCS B COOTBETCTBHE €IMHCTBEH-
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HOE TpEThe HaTypalbHOE YHciIo C = a + b, HasbiBaeMoe WX CymMMmol, H
YMHOJICEHUe, TIO KOTOPOMY KaKIbIM JBYM HaTypajabHbIM YuciaM a u b
CTaBUTCS B COOTBETCTBHE CIMHCTBEHHOE TPEThE HATypaibHOE 4yHcio d =
ab, Ha3pIBAEMOE UX NPOU3EEOCHUECM.

IIpu 3TOM I MPOM3BOJIBHOIO MHOXKECTBA BOBCE HE 0053aTEsBHO,
4yTOOBI anredpanvecKkue Oonepalryu Ha3bIBAJINCh CYMMOW W TpOU3Bele-
HUEeM. BakHO, 4TOOBI pe3ynbTaT MPUMEHEHHS OMepaIiy MPHHAIIICKAT
JTAHHOMY MHOJKECTBY.

Obweounenuem A U B MHOXecTB A 1 B Ha3bIBaeTCs MHOKECTBO JJIe-
MEHTOB, IPUHAIJICHKAIHX, [T0 KpaiiHel Mepe, OJJHOMY M3 STHX MHOXECTB:

AUBz{X|XEAI/IHI/IX€B}.

I[Hf{ 06'LC,HI/IHCHI/ISI JABYX MHOXECTB SABJIACTCA CIIPABCIJIMBBIM pPAaBCH-
ctBo Maog(X) = pa(X) + ng(X), rae onepaunus (+ ) Hassiaercs OyseBo
cyMMoii (ompezenieHa B Tadauie 1).

Tabunuma 1

(+)

Ilepeceyenuem A N B mHOXecTB A 1 B Ha3pIBaeTCsi MHOXKECTBO 3J1e-
MEHTOB, IIPUHAJICIKANTUX OJHOBPEMEHHO U A, 1 B:

AnB={x|xeAuxeB}.

Hemnocpe/CTBEHHO ~ MPOBEPSETCS  CNPABEUIMBOCTH  PABEHCTBA
Uaqg (X) =pa(X) - ug(X), rae onepauns HasbiBaeTcs OYJIEBBIM ITPOU3BE-

JICHUEM.

Ha pucynke 1 MHOXecTBO A COCTOUT U3 TOUEK (DUTYPHI, 3aIITPHUXOBAH-
HOU TOPWU3OHTAILHBIMU JIMHUSIMH, & MHOXKECTBO B — m3 Touek Qurypsl,
3alITPUXOBAHHON BEPTHKAJIBHBIMH JHHUSMH. MHOxecTBo A U B Oyner
COCTOATH M3 TOYEK BCEW 3aIITPUXOBAaHHOHN (urypsl, MHOXecTBO A N B —
U3 TOYEK (QUTYpPBI, MOKPBITHIX «PEHIETKOI» TOPU30HTATHHBIX U BEPTH-
KaJIbHBIX JIMHUMN.

Onepaunn 00beJUHEHUS U TIEPeceUeHHsI TPON3BOJIBLHON COBOKYITHOCTH
MHOJKECTB ONPEAEISAIOTCS aHAIOTUYHO C COOTBETCTBYIOIMMH CUMBOJIMYE-
cknmu 3anucsmu. Hampumep, A N B N C — cuMBoI4ecKast 3aluch nepe-
ceyenus MmHoxectB 4, B, C.



N
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Pucynok 1 — Ilepeceuenne A N B

3ameTuM, 9TO IS JTIFOOOTO MHOXKECTBA A, MPHHAIIICKAIIETO OCHOBHO-
My MHOECTBY X, IMEIOT MeCTO paBeHCTBAa A U X=X, A N X = 4.

Pasnocmovro A\ B MHOXecTB A U B Ha3bIBaeTCsi MHOXKECTBO TE€X U
TOJIBKO TE€X AJIEMEHTOB MHOXKECTBa A, KOTOpBIE He MPUHAJICKAT MHOXKE-
CTBY B (pUCYHOK 2):

A\B={x|xe Aux ¢ B}.

Pucynok 2 — Pa3snoctb 4\ B

Jlononnenuem A (10 YHHBEPCATbHOTO MHOXECTBa X) MHOXKecTBa A
Ha3bIBAETCSI MHOXKECTBO BCEX TEX AJIEMEHTOB U3 X, KOTOpbIE HE IMPUHAJ-
nexat A (pucyHok 3):

A = X\A.
9



Pucysok 3 — Jlonoaxenne A
CripaBeAnTMBO CIeIyIoIIee COOTHOIICHHE:

Ha (X) =1-pa(X).
Ecmix € A4, Tox ¢ A, 1 MOXHO B 3TOM CIIydae 3aIicarh:
Ha(X) =11 pz(x)=0.
PaccmarpuBas mpumep 1.1, MBI MOXXeM 3ammcarhb A={X; Xa; X6 },
Ha(%)=0, pa(x) =1, pa(x) =0, pa(Xe)=1, pa(xs)=0, pa(x)=1
n A={(x; 0), (Xz; 1), (X 0), (Xa; 1), (X%s; 0), (Xe; 1)}

OnepauMH OGBGI[HHGHHH, NnepeceUCHusA, NOIOJIHCHUA WHOrJa Ha3bIBa-
IOTCA 6yﬂ€6blﬂ/tu onepayusimu HAO MHOMNCECMBAMU.

J1s1 TF0OBIX KOHEUHBIX MHOXKECTB A U B UMEET MECTO paBEHCTBO

|AUB|=|A|+|B|-|4ANB]. (1.1)

IIpumep 1.2. MHOX)eCTBO JBDKHUKOB U (hyTOOIMCTOB 1-TO Kypca yHH-
BepcutTera cocTouT u3 110 ven., u3 Hux 80 yen. SBIAAIOTCA JBIKHUKAMU,
40 — pyroonuctamu. OnpenenuTb, CKOJIBKO YEIOBEK SBISIOTCS JIbDKHUKA-
MU U (yTOONHNCTaAMU OJHOBPEMEHHO.

Pewenue

[lycTs A — MHOXKECTBO CTYJEHTOB-IBDKHUKOB, B — MHOKECTBO CTY/ICH-
ToB-(yroosmcToB. [To ycnosuro 3amaun | 4 | = 80, | B | =40, |4 v B | =110.
[oncrapnss 3Havenus B popmyay (1.1), nomygaem:

|ANB|=|A|+|B|-|AUB]|=80+40 110 = 10.
10



IHlpumep 1.3. Ilycts yHEBEpCATHHOE MHOKECTBO X — MHOYKECTBO COTPY/I-
HUKOB HEKOTOPOTO YHHBEPCAIFHOTO Mara3nHa, 4 — MHOXKECTBO COTPYTHHKOB
JTAHHOTO Mara3uHa, BJIaJICIOINX KOMITBIOTEPHON TpaMOTHOCTHIO, B — MHO-
JKECTBO COTPYIHHUKOB, YMEIOIMINX TUIaBaTh, C — MHOXKECTBO COTPYIHHKOB U3
CEKLIMM BEPXHEH MYXKCKOH OAEKIbl. YKa3aTh COAEPHKATEIbHBIN CMBICIT
(T. €. XapaKTepUCTHYECKOE CBOMCTBO) CIEIYIOIINX MHOXKECTB!

a) A;6) ANBNC;B) An(BUC);r) A\B;x) C\A.

Pewenue

1. A — MHOXECTBO COTPYJHHKOB MarasWHa, He BJIaJCIONINX KOMIIb-
TEPHOU IPaMOTHOCTHIO.

2. B — MHOXECTBO COTPYIHHKOB MarasiHa, He YMEIOIIHX UIaBaTh, M0
OTIpe/IeICHHIO ONepaly TepecedeHnst MHokecTs8 ANB NC — MHOXe-
CTBO COTPYAHUKOB M3 CEKLUH BEPXHEH MYKCKOH OIEKAbI, BIaJCHOIINX
KOMITbIOTEPHOW I'PAMOTHOCTBIO M HE YMEIOILUX I1JIaBaTh.

3. BUC — MHOXECTBO COTPYJHHKOB MarasiHa, paGoTAIONMX B CEK-
UM BepXHEH MY)KCKOM OJEeXKAbl WIM HE yMEIOLUX IIIaBaTh, TOrJa
AN(BUC) — MHOXECTBO COTPYIHHKOB MarasiHa, He BIAICIOLIHX
KOMITBIOTEPHOW TPaMOTHOCTBIO M PalOOTAIOIIMX B CEKIMU BEPXHEH MyXK-
CKOM OJICXKIbI MM HE YMEIOILIMX IIJI1aBaTh.

4. A\B — MHOXECTBO COTPYIHHKOB MarasHa, BIaJCiOIAX KOMIIbIO-
TEPHOW T'PAaMOTHOCTBIO M YMEIOLIMX IJ1aBaTh.

5. C\A — MHOXCECTBO COTPYAHHKOB MarasiHa, HE pabOTAIONMX B
CEeKIIMU BEPXHEH MYKCKOM OAEXKIbl U HE BIAACIOLIMX KOMIIBIOTEPHOU
IPaMOTHOCTBIO.

Ilpumep 1.4. Onpenenuts MHOKecTBa A, Z, eciu:

1) A={x| xeR, xel[l;5}

2) Z — MHOXECTBO BCEX IEJIbIX YHCEIT;

3) A — MHOXECTBO BCeX JCHCTBUTEIBHBIX UMCEll, HAXOIAIIUXCS BHE
npoMexyTka [1; 5), T. . MHOKECTBO IeHCTBUTENbHBIX YHCEll, IPUHAIC-
Kanmx oobeanHeHuo (—o; 1) U [5; o) nHTepBasios.

Pewenue

Bropas 3a1a4a sSBISETCS HEKOPPEKTHO IOCTABJICHHOM, TaK KaK HE yKa-
3aHO YHUBEpcaabHOEe MHOXecTBO X. OTBeT OyAeT pa3nndaTrbcs B 3aBHCH-
MOCTH OT TOTO, KAKHM OY/IeT MHOKECTBO X

11



1. Ecmn X = Q (MHOXeCTBO BCEX pallMOHAJBHBIX YUCEN), TO Z — MHO-
JKECTBO BCEX APOOHBIX UHCET.

2.EcruX=7Z,10 Z=Qur. 1.

Ilpumep 1.5. Haiitn oO6benuHeHNE, IEpeCCUCHUE, PA3HOCTH, TOTOJTHE-
uust maoxkectB: 4 = {a;b;c;d;e}, B={b;e; f;g;h,i}.

Pewenue

AuB={a;b;c;d;e; f;0;h;i}; AnB={b;e};4\B={a;c;d };

B\A={f;g;hi}.

Kaxk Bugum, 4 \ B # B \ A. TloaToMy neniaeM BBIBOJI, YTO Pa3sHOCTh JABYX
MHOXECTB SIBJISIETCSI OlIEpaLMel HEKOMMYTaTUBHOM.

3amMeTuM, 4TO ONepaluuu AOMOJHEHUs Haa MHOXecTBaMu A U B BbI-
MOJTHEHHBIMHU OBITH HE MOTYT, TaK KaK YHHUBEPCAJIbHOE MHOXECTBO X He
onpezaeneHo. [loaToMy fomonHUM ycIoBHE. _

Homycrum, uto X = {a;b;c;d;e; f;9;h;i; j}, torra A = X\ A=
={fighi;j} B=X\B={a;c;d;j}.

IIpumep 1.6. Jonyctum, uto X = {1; 2; 3; 4; 5; 6}, A={1, 2; 3},
B={3;4;5},C={2;5; 6}. Tpebyercs HaiiTh:
a) BUC; 6) BNC;B) AUC; 1) BNC; 1) (4\C)UB.

Pewenue

1. B={1;2;6}, C ={1;3;4}= BuUC ={1;2; 3; 4; 6}.
2. BnC={5}= BNC={1;2,3;4;6}

3. A ={4,5,6}= AuC={2;4:5;6}.

4. BNC ={3; 4}.

5,.4\C={1;3} = (A\C)uB={1;2; 3; 6}.

Ilpumep 1.7. N300pa3ute ¢ moMoupio AuarpamMm BeHHa cienyromiue
MHOECTBa:

a) ANBNC; 6) AnB\C; B) (4\B)NC.
Pewienue
YKka3zaHHbIE MHOXECTBa U300paKeHbI HAa pUCYHKax 4—0.

B ClIydac OECKOHEYHOCTHU YHHUBEPCAJIbBHOI'O MHOKECTBA X onepanus no-
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TIOJTHEHHS TIO3BOJISIET Pa(QUUECKH ¢ MOMOIIBIO XapaKTEPUCTUUECKOH (HyHK-
n W (X) TpencTaBUTh MOAMHOXECTBO 4 OoJiee HarmsagHO (PUCYHOK 7).

B X
A
C
Pucynok 4 —AnBnNC
X
B
A
C
Pucynok 5 —AnB\C
X

Pucynok 6 — (4\B)n C

13



(%)

><V

A A A

Pucynox 7

1.3. CpoiicTBa onepanuii HaJx MHOKeCTBAMHU

W3 ompenenenus onepaiuii 00beAMHEHNS U TIEPECEUSHHSI CISIYIOT UX
ceoticmea Nl MPOU3BOJIBHBIX MHOXKECTB 4, B, C:

1.4V B =B U A (KOMMYTaTHBHOCTh ONIepaIliil OObEINHEHNS).

2. AN B =B N A (KOMMyTaTHBHOCTH OTIEPAIlNH IIEPECEUCHIIS).

34U (BuC)=(4 v B) U C (accoOnMaTUBHOCTh OIEpaIuu 00beIu-
HEHUSA).

4.4 (BN C)=(4 N B) n C (accolMaTHBHOCTh OIEpaIiy Hepece-
YeHU).

5 An(BuC)=(nB)u(4n C) (aucTpubyTHBHOCTH ONEPAIIUH
TIepeceYeHnss OTHOCUTENFHO OO BETMHEHUS).

6.AUBNC)=(AuUB) N (4u C) (mucTpubyTHBHOCTD OTIEPAIHH
00BeIMHEHUST OTHOCHUTENBHO TTEPECEUSHUS).

7. AU O = A (cBOHCTBO HYS).

8.4 N @ = (cBOICTBO HYIIA).

9. AnB = AUB.

10. AUB = ANB.

CgoiictBa 9 u 10 u3BEeCTHHI O] HA3BAHUEM 3aK0H08 Oe Mopeana.

11. AU A =A.

12.A4nA=A.

CgoiictBa 11 u 12 HOCAT HA3BAHHE 3AKOHO8 UOEMNOMEHMHOCHIU.

13. 4 U X = X (CBOMCTBO €AMHHIIBI).

14. A N X = A (CBOWCTBO CIUHUIIHI).

CapaBenmuBOCTh CBOMCTB 11-14 oueBuaHAa.
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Ilpumep 1.8. B cnoptkiy0e yHHBEpCHTETa 3aHMMAIOTCS CIIOPTOM
300 crymenroB. M3 HUX ceknmrio maBaHus mocemraer 50 9eln., CeKIUIo
HACTOJBHOTO TeHHHCcA — 45 den.; 240 cTyeHTOB 3aHUMAIOTCS B UHBIX CEK-
musax. OnpenenuTs, CKOIBKO YeJIOBEK OJHOBPEMEHHO 3aHMMAETCsl B CEK-
[USX TUIABaHUS U HACTOJILHOTO TEHHHCA.

Pewenue

OCHOBHBIM MHOXECTBOM X OyJeM CUMUTaTh MHOXECTBO CTYJCHTOB
YHUBEPCHUTETA, IMOCEUIAIONINX 3aHATHS B CEKIUAX CIOPTKiIyOa, 4 u B —
MHOXXECTBA CTYJEHTOB, MOCCHIAIONINX 3aHSATHS B CEKIUSAX IUIaBaHUS U
HACTOJIBHOTO TEHHUCA, COOTBETCTBEHHO. CTYJCHTHI CIIOPTKIyOa, HE 3aHU-
Marolecs HU B CEKIMHU IIJIaBaHMs, HU B CEKIMHM HACTOJIHLHOIO TEHHMCA,

coctaBisitoT MHOXKecTBO AN B. [lo ycnmopuro 3amaum |ANB | = 240, a

TaK Kak 10 10-My cBOHCTBY onepanmii Hax MHOKecTBaMH A NB = AUB,

to u | AU B | = 240. CnenoBatensho, | AUB | =|X]—| AUB | =60.
3nas |A| u |B|, no popmyne (1.1) Haxomum:

|AAB|=|A4|+|B|-| AUB|=50+ 4560 = 35.

1.4. Anredpa MHOXKECTB

CaoiicTBa ornepanuii (T. €. IpaBuiia ACUCTBUIN) HaJl MHOXKeCTBamMu 1—12
(cm. myHKT 1.3) BO MHOTOM POJCTBEHHBI IPUBBIYHBIM HaM MpaBUiIaM JIeH-
CTBUH Hax uucinaMu (T. €. Haj sneMentamu MHOKeCTB N, Z, Q, R u MHO-
THX APYTUX, HAIpUMEp, HaJ dJIEMEHTaMH MHO)KECTBAa PallMOHAIBHBIX T10-
JIOKHUTENBHBIX uucen). CucTeMaTH3upyeM MOHATHE anreOpandecKoi ore-
paly, y’Ke paHee BCTpeuaBlIeecs B pa3IMYHBIX MaTeMaTHUECKUX Kypcax.

Ilycte nano muoxectBo M. Eciin Bcsikomy Habopy (8, @y, ..., &y) dJie-
MEHTOB 3TOTO MHO>KECTBA, B3STHIX B OINPE/IEICHHOM IMOPSIKE, 10 HEKOTO-
pOMy TIpaBHJIy CTABHTCS BIIOJIHE OMPEICICHHBIN 3J1eMeHT b u3 storo xe
MHOJKECTBa, TO OyZeM TOBOPWUThH, YTO Ha MHOKeCcTBe M 3amaHa N-apHas
aneebpauyeckas onepayusi. Oco0y0 pojs B MaTeMaTUKE M €€ MHOTOUYHNC-
JICHHBIX MPWIOKEHUSIX UTPAIOT OUHApHble aneeOpauveckue onepayuu (CM.
myHKT 1.2), T. €. n-apHble onepannu npu N = 2. [IpocTeiimmmu npumepaMu
OMHApHBIX omepanuii Ha MHOXXecTBe N HaTypambHBIX YHCEN SBISIOTCS
CJIO)KEHHE U YMHOKEHHE.

MHoskecTBO M BMeCTE ¢ 3aIlaHHBIMU Ha HEM OTIEpalisIMu {P, Pz, ..., Pn}
Ha3bIBaeTCs aneebpoii. Anredpa o0003HAYaeTCs C MOMOIIBIO CHMBOJIA
A={M; @1, @2, ...,¢n}, 31eCh M Ha3BIBACTCS OCHOGHBLIM MHONCECHBOM
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(necywpum mnooicecmeom, nocumenem), a X ={@1, @2, ..., o} — cucnamy-
poti anreOps! A.

DneMeHTHl yka3aHHbIX panee MHOecTB N, Z, Q, R, kak u MHOTHX Jpy-
rux, 00pa3yroT anreOpsl COOTBETCTBYIONINX YUCEIN C OOBIYHBIME OTIepAaIlH-
SIMU CJIOKCHHS U YMHOXEHHUs yncell. 13 yka3aHHOH paHee pOICTBEHHOCTH
ITUX OMNEpaluil omepaunusM HaJ MHOXXECTBAMU HE CIEeNyeT MX IOJHas
TOXIECTBEHHOCTh. JICHCTBUTEIIBHO, omepalui o0bequHeHus () U mepe-
cedeHust (M) OYEHb MOXOXKH Ha OMEpaIuy cioxeHus ( + ) 1 yMHOXKEHHs ( - )
yycen: 00beIMHEHNE U NIEPeceueHNe MHOXKECTB TaK e, KaK U CJI0KECHUE U
YMHOKEHHE YHCEJI, KOMMYTaTUBHBI U aCCOLMATHUBHBI, IIyCTOE MHOXECTBO
BeZIeT ce0sl OTHOCUTENBHO onepanuil 00beIMHEHUS U IEPECeUeHUs COBEp-
IIEHHO TaK ke, KaK yicio 0 OTHOCUTENBHO ONEpaLuil CIIOKEHHUS U Pa3HO-
CTH, YHHBEPCAJIbHOE MHOXKECTBO X MU Oolepauusix oObeANHEHUs U Iiepece-
YEHHSI MHOXKECTB BBICTYIAET aHAIOTOM 4Hcia | pH omepauusax CIoKeHUs
U YMHOXXeHusl uucen. Paznuuue oOHapykuBaeTcs yX e B CBOWCTBE IUC-
TpUOYTHBHOCTHU: Ka)KAasi U3 ABYX onepanuil oObeInHEHUS U MepecedeHust
TUCTPUOYTHUBHA OTHOCHTENBHO IPYroil (cBoWcTBa 5 W 6), OOBIYHBIC XKE
ONEpaLuy CIIOKEHUS M YMHOXKEHHUSI 4HCes 00JaNaroT JIMIIb CBOHCTBOM
TUCTPUOYTUBHOCTH YMHOXXEHUS OTHOCHUTEIFHO CIIOKEHHUS (I JF0OBIX
gucen a, b, ¢ cnpasemmso a(b + ¢) = ab + ac), Ho He 06IamAOT CBOW-
CTBOM AMCTPUOYTHBHOCTH CJIOKEHHS OTHOCUTEJIBHO YMHOXKEHUS (T. €. He-
BEPHO, YTO IS JIFOOBIX umcen a, b, ¢ cnpaBeauBo a + bc = (a + b) (a + ¢)).
CBOHCTBOM MIIEMIIOTEHTHOCTH OIIEpPALlX CIOKEHUsI M1 YMHOXKEHHsI He o0ua-
JAkoT, T. €. HEBEPHO, YTO /ISl JIFOOOro &, CIpaBeyIMBO ¢ + a =aua - a = a.

Tem He MeHee, CXOXKECTh onepanuii 00beTUHEHUS, CIOKEHUS U Iepe-
CeueHMs N03BOJINIIA HA3bIBaTh MHAYEe OOBEIUHEHNE MHOXKECTB UX Cl0dice-
Huem, TIepecedeHue MHOXKECTB — UX YMHONICeHUeM N yIIOTPeOIsITh Haps Ly
C TepMHUHAMU «OOBEIUHEHUE, «IIEPECEUEHHE», COOTBETCTBEHHO, «CYMMA»,
«npoussederue» MHOXKECTB 1 0003HaUeHUs, Harpumep, 4 + B, AB.

Aneebpa mmoxcecms, T. e. Hemyctas coBokymHocTh (B(X); U, M, )
MOJMHOXKECTB HEKOTOPOro MHOXecTBa X C TEOPETHKO-MHOKECTBEHHBIMH
ornepauusiMi OObEIAMHEHMS, IepeceueHus, 00pa30BaHUs IONOJIHEHUS,
MPOU3BOJAMMBIX B KOHEUHOM YHUCIIE, ABJSIETCS, TAKUM 00pa3oM, OZHUM M3
BOXHEWIINX TPUMEPOB HEYMCIIOBHIX anredp. 3xeck B(X) — MHOXKECTBO
BCEX MOJIMHOXKECTB (Oynearn) MHOXecTBa X. OHO Ha3BaHO Tak MO MMEHH
aHIMKCKOoro Maremaruka u yoruka Dxopmxa byns (1815-1864). Us-
BECTHO, YTO €CJIM KOHEYHOE MHOXKECTBO X COIEPX HUT N 3JIEMEHTOB, TO
|(B(X)| = 2". OnuuM U3 cambIx pacIpOCTPaHEHHBIX CIIOCOOOB 3aMaHus
orepauuii HaJg KOHEYHBIMH MHOXKecTBaMH M sIBISAIOTCS mabauyvt Konu.
OroT crnocod 3aaaHus onepauuii Ha3BaH MO0 UMEHHU aHTJIHICKOro MaTeMa-
tuka Aptypa Keitnu (1821-1895) u 3aximodaercs B BEINMCHIBAHUH CIIEBA U
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CBEpPXY TaOJMIBI BCEX DIIEMEHTOB a M b MHOXecTBa M COOTBETCTBEHHO.
Ha nepecedennu cTpoku, COOTBETCTBYIOIIEH 3JIE€MEHTY &, B CTONOIa, CO-
OTBETCTBYIOIIETO AJIEMEHTY D, 3amuchIBA€TCS Pe3yaIbTaT C ONEPAIH (O HAl
aub.

Ipumep 1.9. Tlycts X = {a; b; C} — KOHEUHOE MHOKECTBO U3 TPEX 3JI€-
MCHTOB.

Torna B(X) = {0; {a}; {b}; {c}; {a, b}; {a, c}; {b, c}; {a, b, c}} - by-
nean MHOkecTBa X. OueBumHo, |B(X)| = 2° = 8.

IToctponm Tabmury Konm ans onepanyn oO0bennHEHHs HAa 3TOM Oyiie-
ane B(X) ( Tabmuma 2).

Tabnuma 2

v 1Y {a} {b} {c} | {ab} | {ac} | {bc} |[{abc}
9 9 {a} {b} {c} | {ab} | {ac} |{bc} [{abc}

{a} {a} {a} | {a b} | {ac} | {a b} | {ac} [{fabc}|{abc}
{b} {v} | {a b} {b} {b.c} | {a,b} |[{ab,c}| {bc} |{a b c}
{c} {c} | {fack | {bc} {c} [{abc}| {ac}t | {bc} |[{abc}
{a,b} | {a,b} | {a, b} {a,b} [{a/b,c}| {a b} |{a b c}|{a b c}|{a b, c}
b

b

b

{a,c} | {a,c} | {a,c} |{a/b,c}| {a,c} |{abc}| {ac} |{a b c}|{a b}
{b,c} | {b,c} [{a,bc}| {b,c} {b,c} |{a b,c}|{a b,c}| {b,c} |{a b,c}
{a,b,c}{a,b,c}|{a b c}| {a,bc}|{abc}|{a b c}|{a b c}|{a b, c}|{a b, c}

Tecmut
BribepuTe mpaBUITbHBINA OTBET.

Tecm 1.1. TIycts manst muoxectsa 4 ={1; 2; 3}, B={2; 3; 1; 4}, C =
={1;2; 5}. IcTUHHBIM SIBJIETCS] COOTHOILICHHE:

1)A=B;2)A=C;3)B=C;4) AcB;5) AcC.

Tecm 1.2. Tlycte A = {a; C; f } — MOAMHOXECTBO YHHBEPCAIHLHOTO
muoxkectBa X ={a; b; c; d; e; f }. TlonMHOXKECTBO A MpPEICTABICHO Yepe3
BCE 3JIEMEHThI MHOXECTBa X MPU MOMOIIM COTPOBOXKICHUS KaXKIOrO U3
HHX 3HAYEHHEM XapaKTEPUCTHIECCKOMN (DYHKIIUH:

1) A={(a 0),(b; 0),(c; 1),(d; ,(f; 0),(e; D};
2) A={(a; 2),(b; 0),(c; 1),(d; 0),(f; 1),(e; O)};
3) A={(a 1),(b; 1),(c; 0),(d; 0),(f; ,(e; D}
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4) A={(a; 0),(b; 1),(c; 1),(d; 1),(f; 0),(e; 0)};
5) A={(a; 1).(b; 0),(c: 1),(d; ),(f; 1),(e; D}

Tecm 1.3. TIyctb A = {a; b; c; d; e}, B={a; c; d; f; g; h}. Ilepeceucnne
MHOKECTB A ¥ B paBHO:

1) {a; b; c}; 2) {b; c; d}; 3) {a; c; d}; 4) {b; €; g}; 5) {c; d; h}.

Tecm 1.4. OObenuHEeHNE MHOXKECTB A 1 B U3 Tecta 1.3 paBHO:
1) {a; b; c; d; f};

2){b; c; d; & g},

3){c; d;e; f; g};

4) {a; b; c; d; e; f; g; h};

5){c; d; f; a; b}

Tecm 1.5. Tlycts A = {e; C; d} — MOAMHOXECTBO YHHBEPCAIHLHOTO
mHoxectBa X = {a; b; ¢; d; e; f}. Jlomonuenne moamuokectBa A B X pas-
HO:

1) {e; ¢; a}; 2) {c; e; t}; 3) {a; f; d}; 4) {a; b; f}; 5) {a; b; f}.

Tema 2. KOMIIJIEKCHBIE YU CJIA
2.1. Onpenenenne KOMIUIEKCHOTO YMCIA

ITycTs cuMBOJ | 0003HAYAET YKCIIO, KBAApaT KOTOporo paseH (—1), T. e.
i=-1.

CHUMBOII | Ha3BIBAIOT MHUMOM euHuLEeH. Bripaxkenne Buna Z = a -+ bi,
rae a, b — mefictBuTenbHBIE YKCITa, HA3BIBAIOT KOMIAEKCHbIM YUCIOM. TIpH
9TOM, & Ha3bIBAIOT OelicmeumenbHol yacmoio ducna Z, b — ero muumoi
yacmoio. JICHCTBUTENBHYI0O M MHHUMYIO YacTU YHUCIa Z 0003HAYaroT
00b1yHO Rez u Imz, cootBerctBenHo, T.e.a=Rezu b =Imz.

Hanpumep, neficTBuTebHAS YacTh KOMIUIEKCHOTO uncia 2 + 3i pas-
Ha 2, a MHAMas paBHa 3.

KommnexcHoe uucno Buga 0+bi (rae b # 0 ) npuHATO HA3BIBATH YUCTO
MHHMMBIM 1 3anuchiBath B Buze bi. Kommiekcusie uncna a + bi uwa — bi (1. e.
YHUCIIa, KOTOPbIE OTJIMYAIOTCS TOJBKO 3HAKOM MHHMOH YacTH), Ha3bIBAIOT
KOMNJIEKCHO conpsidicenHbimu. Ecnu 0THO U3 3THUX 4Kcen 0003HAYCHO ue-
pe3 Z, TO APYyroe MpUHATO 0003HAYATH Z .

Iycrs 23 =ay +hbyi, z, =a, +,i. KommuiekcHbie uncna Z; U Z, Ha3bl-
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BafOTCS paBHBIMH (Z; = Z, ), €CIIK PaBHBI UX JICHCTBUTEIHHBIC M MHUMBIC
YacTH, T. €. eciu a;=a, u by =h,. Ilpu stom momararot, yro li=i wu
a+0i=a.

Tlocnennee paBeHCTBO TIO3BOJISIET pacCMaTpUBATh JEHCTBUTEIBHBIC YUCIIA
KaK ITIOAMHOXXECTBO MHOXXECTBA KOMIIJICKCHBIX YHUCECJI.

2.2. Aaredopanyeckas 1 TpuroHoMmerpudeckasi Gopmbl 3anucu
KOMILJIEKCHBIX YHCe

Besikoe KOMIDIEKCHOE YHCIO Z = a+bi MOKHO M300pasuTh Ha IIOCKO-
cru XOY B Buze Touku M(a; b). [Tpuuem cooTBETCTBHE MEKIY KOMILICKC-
HBIMU YucIaMi ¥ Toukamu Tockoctr XOY Oyner B3anMHO OJHO3HAYHBIM.
ITocKkoCTh, HA KOTOPOH Pean30BaHO TAKOE COOTBETCTBUE, HA3BIBAOT KOM-
niexctou naockocmoro. Ocb OX KOMIUIEKCHON IUIOCKOCTHA HA3BIBAIOT JCH-
CTBHUTENBHOM OCBIO, TaK Kak ToukaM ocd OX COOTBETCTBYIOT JACHCTBHTEb-
Hble yncna. Toukwu, nexanme Ha ocu OY, 1300paXkaroT 9MCTO MHUMBIE YUCTIA.
Iostomy ock OY KOMIUIEKCHOM TJIOCKOCTH HA3BIBAIOT MHAMOM OCBIO.

Paccrosiaue ot Toukn M(@; b) KOMIUIEKCHO# MIIOCKOCTH 0 Hayaja Ko-
OpIWHAT HA3BIBAIOT MOJYIeM KOMIIeKCHO20 yucia Z=a+bi u obo3na-

YaroT |Z| OueBuaHO, 4TO |Z| >0 mn |Z| =+a?+b?.

Benmmunny ¢ yrima mexmay Bektopom OM # 0 u neiicTBUTENBHON OCBIO
OX Ha3BIBalOT apryMeHTOM KOMIUIEKCHOTO YHcia (TpH 3TOM ¢ OepyT co
3HAKOM «ILTIOCY, ecir oBopoT oT ocu OX k BekTopy OM ocymectBusieT-
Csl IPOTHB YaCOBON CTPEJIKH, U CO 3HAKOM «MHHYC» — B IPOTHBHOM CIIy-
qae). ApryMeHT JaHHOTO KOMIUIEKCHOTo uucna Z(Z # 0) onpeneneH Heo-
HO3HA4YHO, MPHUYEM JIIOObIE /1Ba 3HAYEHUS apryMeHTa OTIIMYaloTCs Ha Be-
JUYUHY, KpaTHylo 2m. MHOXECTBO 3HAa4eHMH aprymMeHra uucia Z
o0o3HauaroT Argz; 3HaYeHHWE apryMeHTa, MpUHAAJIeKallee MPOMEXYTKY
(—m; 7], 0603HAYAIOT arg Z ¥ Ha3bIBAIOT IJIaBHBIM 3HAYCHHEM apryMeHTA.
s z = 0 apryMeHT He Onpe/elieH.

Ilycts z=a+bi=0, |Z| =r, ¢ —apryMeHr Z (pUCYHOK §).
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Pucynoxk 8

OueBuHO, 4TO & =rC0S¢, b=rsin@. Ho Torna xommiekcHoe 4uCiIo
Z=a+bi MoxHO 3amucarth B BUJIE

Z=rcos@+ (rsine)i=r(cosep+isin ). (2.1)
3anuch KOMIUIEKCHOTO YHCJIa B BUIAC Z=a+ bl OPpUHATO HA3bIBATH aJl-

reOpandeckoit GopMoil 3amucH KOMIDIEKCHOTO YHCia, a 3aluch B BUIC
Z=r(cosp+ising) — TpuroHomeTpudeckoi Gpopmoii 3anucu.

Ha npakTuke Hepenko MPUXOIUTCS MEPEXOIUTh OT OJXHOU (OPMBI 3a-
IHCH KOMIUIGKCHOTO 4Mciia K Apyroil. Ecimu 4mcno Z 3ammcaHo B BHIEC
Z=r(cosp+ising), To ero AEUCTBUTEIbHAS YacTh & U MHHUMas 4acTh D

HaXoAATCs 1Mo Gopmynam:
Rez =a=rcosg;
Imz=b=rsineo.

Ecnu uncno z 3anmcano B Buae z =a+bi, To ero Mogyns I' 1 apryMeHT
(p HAXOZATCSI 10 CIEAYIOINM GopMyiam:

r=va’+b?;
b
arctg—, ecom a >0,
a
b
arctg— +m, ecrm a <0,
a

g,ecm a=0, b>0,

—g,ecm/l a=0, b<O.

Ilpumep 2.1. 3anucatb 4YUCIO z=-1++/3i B TPUTOHOMETPUYECKON

_Tj
dopme; unciio Z = Joe 4 —p anreOpandeckoit popme.

Pewenue
1. HaxonuMm MOIymb I' M apryMeHT () KOMIIEKCHOTO 9rcia. Tak Kak ero

JIEMCTBUTENbHAS YaCTh a = —1 ¥ MHUMAas 4acTh b= \/5 , TO
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r=+(=1)2+(3)? =2,
2n

b 3 T
p=arctg—+n=arctg — |[+n=—F>+n1=—.
a -1 3 3

CuenoBaTensto, z =—1+ J3i = 2(0032—; +isin 2—;1) .

2. Haxonum HCﬁCTBHTCHLHyIO M MHUMYIO 4aCTH 4HucClIa Z. Tak kak ero

Moaynb I =+/2 , a apryment (p:—%, TO
Rez=r005(p=\/§cos(—§j=1, Imz:rsincpzﬁsin(—gjz—l.

_mj ]
CrenoBatensho, z=+/2e 4 =1-1i.

2.3. JleiicTBHS HAX KOMILIEKCHBIMH YU CJIAMU
B ajiredpanueckoii popme

CknanpiBas ¥ BbIUUTAs BBIpAXCHUS Z =a +hbi u z; =a, +bi kak
OOBIYHBIE MHOTOUJICHBI, TIOJTyYat0T KOMIUICKCHBIE YHCIIA:

(a1 +ap)+ (b +by)i, (an—ap)+ (b —by)i.

WX Ha3bIBAIOT, COOTBETCTBEHHO, CYMMOW M PAa3HOCTBIO YWCEN Z; U Zp
(00o03HAvaAIOT: 73+ 2y U Z3 —Zp ). AHAJIOTUYHO, YMHOXas Z; ¥ Zp KaK 00bIY-

HbIE MHOTOWICHBI U YUUTHIBAS, UTO i2=-1 , TIOJy4aloT;

(& +hui) - (a2 +byl) = (2d, —huby,) + (&g, +byay)i . (2.2)

KomMruiekcHoe 4uciio B mpaBoit yactu ¢GopmyJisl (2.2) Ha3bIBAIOT MPO-
W3BEJIEHUEM KOMIUIEKCHBIX YHucel Z; U Zp (0003HauaroT Z;7;). [IpousBene-
HUE N KOMIUIEKCHBIX YHCEN, PaBHBIX Z, Ha3bIBAIOT N-U CTEMEHbIO YKCla Z U

0603Hava0T 7" .

Ilpumep 2.2. llycts 73 =1+2i, 2, =4-3i.
Torma
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21+2, =Q+20)+(4-3)=1+4)+(2-3)i=5-1i;

Z1—2, =@1+2i))—(4-3i) =(1—4) +(2+3)i = —3+5i;

212, =(1+2i)-(4-3i) = (1-4—2-3i%) +(-3-1+2-4)i = (4+6) +5i =

=10+5i;

(z)° =(@+2i)® =13 +3-1% .21 +3-1-(2)* + (2i)* = (1-12) + (6 -8)i =

=-11-2i.

BBejieHHbIE BBIIIE OMEPAIMU CIOKEHUS W YMHOXEHHST KOMIUICKCHBIX
yrces 00JaJat0T TEMH K€ CBOMCTBAMH, YTO CIIOKEHHE U YMHOKCHHUE JIEH-
CTBUTENBHBIX yrcell. Crie0BaTebHO, JETKO YOSAUTHCS B CIIPABETHBOCTH
CIIEYIOIINX PABEHCTR:

1) z1+2,=2,+12;

2) (Zl+22)+23 =Z]_+(Zz +23) X

3) u-2=2-1;

N (z-2,) 23=2-(2,-23);

5) (+25) 23 = 2423+ 2525.

3ameuanue. KommuekcHoMy uncity Z=a-+bi Mbl OCTaBWIN B COOT-
BETCTBHE TOYKY KOMIUIEKCHOH miockoctd M (a;b). Ho MoxHO Takxke
CTaBUTh €My B COOTBETCTBHE U paauyc-Bektrop OM =(a;b) . Takoe coort-
BETCTBHE TOXKE SBJISACTCS B3aMMHO OJHO3HAYHBIM, MPHYEM B ITOM Cliydae
OHepaHI/H/I CJIIOKCHUSA U BBIUHUTAHUA KOMIINICKCHBIX YHUCC]I €CTCCTBCHHBI C
reOMETPUYECKO TOUKHU 3peHHs. JleHCTBUTENbHO, cymMMe 23 +2Z; = (g +
+a,)+ (b, +b,)i cootBercTByer BekTOp (@ +az; by +b,)=0M;+0OM, ,
rae OM1 = (aj_; bl) s OMZ = (az; bz) , @ Pas’HOCTU Z;—1Z; = (a]_ —az) +
+ (b, —b,)i coorBercTByer BekTOp (85 —a,; by —b,) =OM; —OM, .

Onepanuio JeJIeHUs] KOMIUIEKCHBIX YHCEJI BBOJSAT KaK OOpaTHYIO
YMHOXCHHMIO: KOMIUIEKCHOE YHCJIO Z3 Ha3bIBACTCS YAaCTHBIM YHCEN Z; U

Z;
z, #0 (o6o3HaUatOT — ), €clu 2y =232, .
Z

. . z .
ycts zy=a+bi, zo=a+bi u —-=zg=x+Vyi. Toraa z3-2, =
Z3
=(X+yi)-(a + i) =(xa; — yby) + (X, + ya, )i =a, + i .
U3 ypaBHeHuit xa, — yb, =a; u xb, + ya, = by Haxogaum:
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_ &ay +biby _ ba; —agh,
= 2 7 UY= 2 2"
(a2) + (b2) (@2)" + (b2)
Takum 0Opazom, a_&t bll_ = alaj +bib, 5 blaz —aiby 5
Zy do +b2| (az) +(b2) (az) +(b2)
Tot xe pe3ynbTaT GOpMAIBHO MTOYYUTCS, €CTH YUCIUTEND U 3HAMEHa-

a.1+b1i

TCIIb ﬂp06I/I —b YMHOXUTH Ha 4YHCJIO, COIPSKECHHOC 3HAMCHATCIIIO,
a, + Dol

T. €. Zzaz —bui:
4 _ (a+bii)-(az —boi) _ (ag@2 +biby) + (bhap —auhy)i
Zy (az +b2i)'(a2 —bzi) (ag)2 +(b2)2
__ @@+ bib, ha, —ab,
(@)? +(b2)  (a2)” +(b2)°

B MPaKTHICCKUX BBIYUCIICHUAX ITOJIB3YIOTCA HMEHHO 3THM IIPUEMOM.

Ilpumep 2.3. Ilycts 2, =1+2i, 2, =4-3i.

Torna
z  1+2i  (1+2i)-(4+3i)) (4-6)+(8+3)i —-2+11
2, 4-3i (4-3i)-(4+3)  16+9 25
__2.,1,

25 25

2.4. lloka3atenbHasi popMa 3anMCU KOMILIEKCHBIX YHCeJI

Ecnit KOMIUIEKCHOMY YuCiTy Z = COS®+1SiN (o, MOIyJIb KOTOPOTO paBeH 1,
TOCTABHTH B COOTBETCTBHE MOKA3ATENHHOE BRIPAKEHHE €%, TO TOydHM CO-
otHomeHHe e = COSQ +iSiN @, KOTOPOE HA3BIBACTCS MoKcOecmsom iepa.

Ortcroza, 11000€ KOMIUIEKCHOE YMCIIO Z MOYKHO 3amucaTh B BUAC Z =

=r-e"® (rme r — Moaysb, @ — aprymenT). Ota popMa 3armMck KOMILIEKCHO-
T'O YKCIIa Ha3bIBACTCS HOKA3AMENbHOU YOpMOT, UTH (opmynol Dilnepa.

Ilpumep 2.4. 3ancath B 0Ka3aTenbHON (OPME KOMIUIEKCHBIE YHCIIA!
a) 21=2, 6) 2, =—Ti;B) z3=—1+iV3;1) 24 =3-3i.
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Pewenue
1. 2;=2=2+0i;r=2;tgp=0; ¢ =0; 2 = 2¢°.

. . -7 T . iz
2. 2, =-Ti=0-7i; r=7;tg(p=T=—oo; (p:—E;—7|=7e 2,
.2
3. 23 =—1+iV3; r=2; tg¢=—\/§; (ngn; —1+i\/§=2e'3 :
4.7, =3-3i; r=3J2;tgo=-1; (p:—%; 3-3i=3/2¢ 4.

PaccmoTpuM nedicTBUA HAl KOMIUIEKCHBIMU YKCIaMH B MOKAa3aTEIbHON
dbopMe. YMHOXKEHHE U JEJICHHE KOMIUICKCHBIX YHCEN BBIOJHSACTCS MPO-
CTO, €CITM OHU 3aIMCAHbI B IOKa3aTeNbHON Qopme.

JleiictBuTenbHO, ecmu Zp =K -, Z,=0L-"%, 10 7-2,=

= opetere) A e B iteo)
Z, e n
Tecmot
BribepuTe MpaBUITbHBIN OTBET.
Tecm 2.1. Ecnn 7 =—3 +i, 10 |2| Gyzer pasro:
1) 2;
2) 20;
3) 170;
4) 1 000 000.

Tecm 2.2. Ecom 2=2,—12,, 7, =13-5i, z,=1-21i, To |Z| Oyner
paBHoO:

1) 2;

2) 20;

3) 170;

4) 1 000 000.

Tecm 2.3. Ecmu 2 =742, , 7, =8-15i, z, =—6+8i, 10 |Z| OyzeT paBHo:
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1) 2;

2) 20;

3) 170;

4) 1 000 000.

Tecm 2.4. Eciin 2 = (—8+ 6i)6, TO|Z| Oyzer paBHO:
1) 2;

2) 20;

3) 170;

4) 1 000 000.

Tema 3. JUHEMHBINA OITEPATOP

3.1. J/Iuneiinoe npeodpa3oBanue U ero MaTpULa

Onpeodenenue 3.1. Oro6paxenue L u3 nuneiinoro npocrpanctea R" B
nuHelHoe mpocTpancTBo R ™ HaskIBaeTCs aunelinbin omobpasicenuem, Wim
JUHETIHBIM ONEPamopoM, €CITA JUIS JIIOOBIX BEKTOPOB X, Y u3 R" u mo6oii
KOHCTAHTHI O BBITIOJHSIFOTCS] pAaBEHCTBA!

1) L(x+y)=L(X)+L(y);

2) L(ox) =aL(x).

DT /Ba paBEHCTBA IKBHBAJICHTHBI paBeHCTBY L(oX+PYy)=al(X)+
+BL(Y)-

Bekrop LX Ha3biBaeTCs 06pa3om BEKTOpa X, a BEKTOP X — npoodpazom
BekTopa LX mpu npeobpazoBanum L.

3aMeTHM, 9TO JIMHEHHBIN ormepaTop 0ToOpaXkaeT HyJeBOH BEKTOP B HY-
nesoii Bektop. Io coiictBy muHeiinoctr L(0) = L(X —X) =L(x)—L(x) =0.

Jlrobas martpuma pasmepa MxN 3amaeT JUHEHHOE OTOOpa)KEHHE MPo-
crpanctBa R" B mpoctpancteo R™. JlelicTBuTensHO, MaTpuily u3 N cTOJI0-
IIOB MOXHO YMHOXXHUTH Ha JTIO00W BEKTOP-CTOJIOCII, COCTOAIINN U3 N KOOp-
JIMHAT, TaKk KaKk pa3Mepsl MxN u Nx1 cornacoBanel. B wactHocTH, KBaIpaT-
HYI0 MaTpUIly TOPSJIKa N MOKHO YMHOXaTh Ha BEKTOP-CTOJOEI], cOCTOs-
M U3 N KOOpAWHAT, TaK KaK pa3Mepsl MaTpull OyayT Nxn u nNx1, u pe-
3yabTAaTOM OyIeT MaTpHIla-cToiber pazmepa Nx1:
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Q1 Q| X Y1

Ant *** @nn Xn yn
Taxum 06pa3OM, KaKaass KBaJpaTHasd MaTpulia 3a4acT npeo6pa3013a-
HUE, WJIN OTO6pa>KeHI/Ie, B IMIPOCTPAHCTBC PasMCPHOCTH n.

OtobpakeHnsi, BBOJIUMbBIE TaKUM 00pa3oM, OyAyT JTWHEWHBIMH, 9TO
crienyer u3 cBoiictB ymHOXeHus matpuil: A(B+C)=AB+ AC mis mro-

osix Matpun A, B, C, pa3Mepsl KOTOPBIX COTJIaCOBaHBI M BO3MOXKHO
UX yMHOXeHHe, modToMy A(X+Y)= AX+ Ay. AHaJOIUYHO U3 CBOWCTBA

A(oB) = aABcaenyer A(ax) = aAX.

Ecnu oTo6pasuts Bextop € = (1, 0,...0), To momyunm:
Qg -c-an |1 a1
Ap -+ @nn 0 am

To ects 06pazom Oyner BEKTOp, KOOPAUHATHI KOTOPOTO €CTh dJIEMEHTHI
MEPBOTO CTOJIONA B MAaTpHIIE, 3aJIal0NIei 0TOOpaKeHUEe. AHAIOTUYHO JIJIs
BEKTOpa €; 0o0pa3oM OyAeT BEKTOp, KOOPAWHATHI KOTOPOTO — DJIEMEHTHI
cToJIOIIa HOMED | pacCMaTPUBAEMOI MaTPHUIIHI.

Wrak, maTpuiia 3a1aeT THHEWHOE 0TOOpaXEHHE BEKTOPOB.

C npyroii CTOpoHBI, JIt000€ JTUHEHHOE 0TOOpaXxkeHune L KOHEUHOMEPHBIX
MPOCTPAHCTB MOXKHO 33JaTh C TIOMOIILI0 MATPHIIBL.

JlelcTBUTENBHO, NPEACTABUM BEKTOP X B BUIIE X = X1€ + X2€; +...4+ Xp€h ,
rae X, Xo, ..., Xn — KOOpJUHATHI, €, €y, ..., €, — OazucHbic BekTOpHl. [10
CBOMCTBY JHHEHHOCTM omnepatopa momydum: L(X)=L(X€ + X, +...+
+ Xn€n) = L(X€1) + L(Xo€) +...+ L(Xn€n) = X L(&1) + XoL(&2) +...+ X, L(€n).
Otcrona BUAHO, YTO 00pa3 BEKTOpa 3aBUCHUT JIMILIB OT KOOPAMHAT 3TOTO
BEKTOpa 1 OT BekTopoB L(e;), L(e),..., L(e,) . MaTpuua, cocraBneHHas u3
3THX BEKTOPOB (TI0 CTONIONAM), SBISETCS MaTPHUIIEH IMHEHHOTO oTrepaTopa.

3.2. [locTpoenne MATpHILI JIHHEHHOTO ONepaTOpPa

Ilyctp 3amana cucrema Cp, Cy, ..., C, U3 N BEKTOPOB, 0Opasyromux Oa-
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3WC, W MPOU3BOJBbHAS CHcTeMa N BekTopoB by, by, ..., (Bo3MoxHo, nu-

HEWHO 3aBHcHMAs). Torma ogHO3HAYHO OINpEACIICH JIMHCHHBIN omepaTop,
0TOOpaXarOIIUi KaXIblli BEKTOP MEPBOH CHUCTEMBI B COOTBETCTBYIOLIHMN
BEKTOP BTOPOI CHCTEMBI.

Martpuity 3TOr0 omepaTopa MOXKHO HAWTH JBYMS CIIOCOOAMU: C ITOMO-
B0 0OPAaTHOW MATPHUIIBI U C TIOMOIIBIO CHCTEMBI yPAaBHEHHIH.

ITycts A — maTpuua omeparopa B 0Oasuce €, €,,...,6,. [lo ycrnoButo

Ac; =b; s Beex mumekcoB i =1,...,N. JlaHHBIE N pAaBEHCTB MOYKHO 3aIlH-

catb B Bujie oiHOoro matpuuHoro pasencrtsa: AC = B. TIpu 3Tom cTOnOIIBI
Matpuibl B — 310 BekTOphI by, by, ..., b, , a cTOn6IBI MaTpuiel C — BEKTOPEI

¢, Cy,...,Cy. Torma marpuma A MoeT ObITh HaiiieHa B Bujae A= BC™.

Ilpumep 3.1. Halitu MaTpuily TUHEHHOTO OIEpaTopa, 0TOOpaKaroIero
6asuc ¢; =(2,3),c, =(1,1) B cucremy Bekropos by = (1, 2),b, =(-1,1).

Pewenue

_(21 _(1-1 a_(-11
3necs C —(31), B_(Z 1 ), C —( 3 _2).
CA_p1_(1-1Y-11)_(-43
Iomyuum: A=BC —(2 1 )( 3 —ZJ_( 1 Oj'
[TpoBepka OCyIIECTBIICTCS YMHOKCHUEM ITOJTyYHBIIEHCS MAaTPUIBI Ha
Ka)IbIil BEKTOP: (_14 8)(%) = (%) (_14 8)&) = (_11) .
3.3. Marpuna JuHeiiHOT0 onepaTopa B HOBOM Ga3uce

ITycTs nuHelHbI oneparop L, nefictByrommii B npoctpanctse R", B 6a-
3ucee, €, ..., &, uMeer Matpuiy A, a B 6asuce €, €5, ...,6, — mMarpuiry B.
Tpebyetcst HalTH, KaK CBsI3aHbI MEX 1y co00i MaTpuup! A u B.

O6o3uauynm gepe3 C MaTpuIly mepexoia oT O6asuca €, €y,...,8, K 0a-

3UCY €1, €3, ...,€,. Toraa MaTpuila JTMHEHHOTO oneparopa B HOBOM 0Oasuce

Bpanciserca o dopmyne B=C'AC, rme C — marpuna mepexona oT
cTaporo 6asnca K HOBOMY.
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Ilpumep 3.2. Onepatop L B cTtapom Oa3uce €, €, 3ajaH MaTpuien
A:(_j'3 ‘ZJ Haittm wmatpuily sTOoro omeparopa B HOBOM 0asuce:

e =-26,+3e,, €, =6, —6.
Pewenue
Banumem matpuity C nepexona ot 6a3uca €, €, K 6a3ucy €, €5

C= (‘32 _11) .

Torma obparHas maTpuia OyneT paBHa:
a1 (11
c*~(33)
Hcnons3yst popmyny B=C*AC, nomyunm:

(22 -8
B_(48—17j'

3.4. CpoiicTBa JHHEIHHBIX 0NIEPATOPOB

Jlyist mo0bIX JBYX JIMHEHHBIX onepatopoB Ly, L, : R" — R™onpenenen
omeparop L, Ha3pIBaeMbIii CYMMOMW NAaHHBIX JABYX omepaTtopos. JleiicTBue
onepatopa L Ha mo6oit Bektop npoctpanctsa R" onpenensercs ciemyro-
M obpazom: L(X) =Ly (X) + Lo (X).

Hampumep, cymma murelnsix oneparopos L(X) = [a, x] u L(X) = [x, a] —
HyJnieBoil omeparop. Jlns Bcskoro aumHelHOro omepatopa L ompenenen

omneparop ol, Ha3pIBaeMbIil Tpon3BeAcHUEM L Ha uncio a. JlelicTBue 310-
To orepaTopa 3a/1aeTcs ¢ MOMOIIBIO (POPMYITBI

(aL)(X) =o- L(X).

s muneiinsix oneparopos Ly :R" —R™, L, :R™ - R® omnpenenen
OIepaTop, Ha3bIBAEMbIH KOMIIO3ULMEH JABYX HMCXOAHBIX OIEPaTOPOB U
o0o3HavaeMsblil kak L, oLy. Kommo3unums ompenensiercs Takum oOpazom:
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(Lo o L1)(X) = Lo (Lo (X)) -

3.5. Co0cTBeHHBIE YHCJIA U COOCTBEHHBbIE BEKTOPbBI

Onpeodenenue 3.2. HenyneBoil BEKTOp X Ha3bIBA€TCS COOCTBEHHBIM

BEKTOpOM JuHelinoro omeparopa L:R" —R", coorBercrByrommm co6-
CTBEHHOMY YHCILY A, €CJIU BBIIOJIHEHO PAaBEHCTBO LX =AX.

Onpeoenenue 3.3. llycts A — MaTpuiia TuHeHOTO omepaTopa L. Mar-
putia AE — A Ha3bIBaeTCA Xxapaxmepucmuyeckou mampuyel JTAHEHHOTO
oreparopa, ypaBHEHHE |kE - Al =0 — xapakxmepucmuueckum ypasHeHnuem,
a ero KOPHU — XapaKkmepucmuieckum KOpHamy THHEHHOTO omeparopa.

AJITOPUTM HaxOKAEHHS COOCTBEHHBIX YHCEN M COOCTBEHHBIX BEKTOPOB
OCYILECTBIISIETCS B JBA dTama:

1. TpeOyercss HaWTH KOPHH XapaKTEpPHCTHUYECKOTO ypaBHEHUS

NE—-A=0.

2. JInst KayKAoro HaWJEHHOTO XapaKTePHCTUYECKOTO KOpHS HEoOXOoau-
MO PELIUTH OJHOPOIHYIO CHCTEMY (kE—A)x =0 u HaiiTu ee GpyHAAMEH-
TaJbHYIO CHCTEMY pelleHui (3T0 u OyIyT cCOOCTBEHHBIE BEKTODPBI, COOT-
BETCTBYIOIINE TAHHOMY YHCITY A).

IIpumep 3.3. Haiitn Bce cCOOCTBEHHBIE YHCiIa U COOCTBEHHBIC BEKTOPHI

-14 -4
JUIs TMHEHHOro oneparopa ¢ marpuueit A=| -1 3 —1|.
1-24
Pewenue
Haiinem xapakrepuctuieckoe ypaBHEHHUE:
A+l -4 4
A-3 1 1 1
AME-A=1 A-3 1 |= (A+D +4 ‘
pE-A= L A3 L N L B
—4‘_117“53 = 2% —6M2 +11.—6=0.

Urak, a, =6, =11, ag =—6. Yucno —6 nenurcsa 0e3 ocrarka Ha 1,

2,3 u 6. Toraa p MOXeT MPUHUMATH 3Ha4YeHus 1, 2, 3, 6; 4 = +1 wmm —1.
[ToaTOoMy cpeau parmoHAIBHBIX YHCEN KOPHH MOTYT OBITh TOJNBKO +1, —1,
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+2, -2, +3, -3, 6, 6.
Haiinem Tpm xapaktepuctudeckux kopHs (1, 2 u 3). Jlamee pemaem
OJHOPOAHYIO cucTeMy ypaBHeHH (AE—A)X=0 qIs KaXJI0T0 U3 Tpex

COOCTBEHHBIX YUCEN:

1) A=1:
% :g ?: ))((; _ 8 :{le —4X2 +4X3 :O,
12 -3 X 0 — X1 +2X2 —3X3 =0.

Panr cuctemsl paBeH 2, paccMarpuBaeM 1-e u 3-e ypaBaeHus. [lepBorit
1 BTOPOH CTONONBI HE 00pa3yroT Oa3UCHBII MUHOP, IOATOMY X3 HE MOXKET
OBITH cBOOOAHOI NepeMeHHON. [lycTh cBOOOAHOI MEepeMEeHHON OYIeT Xp,
W Janee, pelias CUCTeMy, MojlydyaeM (QyHAaMEHTaIbHYI0 CHCTEMY pellle-
HUil: BekTop & = (2,1, 0).

[IpoBoaMM MPOBEPKY, YMHOKAEM MATPHILy OllepaTopa Ha 3TOT BEKTOP
¥ BHJUM, 9TO OH JICHCTBUTEIHHO SIBISETCS COOCTBEHHBIM U COOTBETCTBY-

erA =1

-14 -4)2 2
-13 -1|1|=|1|
1-24)0 0

3-44 % 0 3X1—4X2+4X3=O,

1-11|x%|=0|=

_1 2 _2 X3 0 Xl_X2+X3:O.

371ech (yHIaMEHTaIBHOW CUCTEMOM peliieHui sBisiercst BekTop ¢, = (0, 1, 1).

-14 -4)\0 0
IIpoBoaum mpoBepky: | -1 3 -1 | 1|=|2|.
1-24 )1 2

3)n=3:
i'_OA"l" ))((i _ 8 :{4x1—4x2+4x3=0,
_1 2 _1 X3 O X1+X3:0.

3nech hyHIaMeHTAIBHON CUCTeMOH pertieHHit Oyer Bekrop ag = (—1, 0,1) .

2)h=2:
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-14 -4)\-1) (-3
OcymectsisieM poBepky: [ -1 3 =1 0 |=| 0 |.
1-24)1 3

Ilpumep 3.4. Haitti coOCTBEHHBIE YNCITa U COOCTBEHHBIC BEKTOPHI IS

5 2 2
JUHEHHOTO oTepaTopa, 3aJaHHOTo MaTpullei A = [— 8-3- 4].

4 2 3
Pewenue

A-5 -2 -2
ME-A=| 8 A+3 4 |=X-5°+71L-3=0.

~-4 -2 %-3

Yucino 1 sBiseTcss KOpHEM AaHHOTO MHOTOWIEHaA, pa3aenum Ha (A — 1)
W HalijieM eine aBa KopHs. Mrak, coOCTBeHHbIMY unciamu Oynyt 1, 1 u 3.
Kopens 1 mmeer kpatHocTh 2. [Ipu ero moacTaHoOBKE BMECTO A MOyYUM
MaTpHIly panra 1, T. €. Bce 3 CTpOKU OKa3bIBAIOTCS JIMHEHHO 3aBUCUMBIMHU.
Torna pyHnameHTanbHasi CUCTEMA PEIIEHUH COCTOUT U3 ABYX BEKTOPOB:

HaA=1L
—4-2-2\*% 0
8 4 4 |X|=|0= 2% +X +X%X3=0.
—4-2-2)\ x5 0

3neck cBOOOMHEIE MEPEMEHHBIE Xy, X3, PYHIAMEHTAIbHAS CHCTEMA pe-
menuit: & =(-2,1,0), a, =(-2,0,1).

2)A=3:
-2-2-2\% 0 _
8 6 4 |x|=|0 :{gl-i-Xz +i(30—0,
-4-20 Jx) (0 Xt Xg =0
3neck GpyHIaMeHTanbHas cucTeMa penreHnid az = (1, —2,1).
IIpoBepky MOKHO TIPOBECTH aHAJIOTUYHO TipuMepy 3.3.

Tecmubt

Bribepute npaBUIIbHBIN OTBET.

Tecm 3.1. Jluneiinbiii onepatop A B Oasuce (€, €,) 3amaH MaTpuiei

A= (% _41j . O6pas y = A(x) Bextopa X =€, Gyzer pasen:
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1) (2,3);

4) (3, 4).
Tecm 3.2. XapakTepucTHYecKoe ypaBHEHHE JTMHEHHOTO onepaTopa, 3a-
000
JTaHHOTO MaTpuuel A= [1 0 1} B HEKOTOPOM 0azuce, OyieT CIeIyOLIIM:
100
1) x3;
2) X3 —x;
3) x*—x?;
4) x*-1.
Tecm 3.3. COOCTBEHHBIC 3HAYCHUS JTUHEWHOTO OINEparopa, 3aJJaHHOrO
021
MaTtpunei A= [2 0 1} B HEKOTOPOM 0aszuce, OynyT CIEAYIOIIUMHU:
005

1) M=-2 =2, =5;
2) M =2,hs =—2,h3 =—5;
3) M =2k =23 ==5;
4) M=-2hy =—2,03 =5.

Tema 4. KBAIPATUYHbBIE ®OPMbI

Onpeoenenue 4.1. Tlycts X = (x1, Xp, ..., X,) — BeKTOp npocTpancTtsa R".

n n
Zzaij XiXj Ha3pIBAETCS KBAaJPATUYHOU
i=1 j=1

Oyuxmus L(xy, xz, ..., xp)

dopmoii, a aj; — ee koabPuIHEHTAMH.

Onpeodenenue 4.2. KBagpatuuHas MaTpHLa, 3JIEMEHTaMU KOTOPOH fB-
JAI0TCS KOIPQUIMEHTB! &j; KBaJAPATUYHOH (OPMBI, Ha3bIBACTCS MAaTPULICH
KBaJ[paTHYHON (POPMBI.

[pennonaraercs, uro & = &;. Koadduuments! a;; npu x? i=12,...,n)
pacrnoJararoTcs Ha TJIaBHOW JMAaroHald, U MOTOMY MaTpHIla KBaJpaTH4-
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HOU (OPMBI CHMMETPHYHA.

Ilpumep 4.1. Haiitu MaTpuily KBaapaTuaHo# Gopmsr L(x1, xo, X3) = X2 -

— Bxyxy + Xoxg + 5x2.

Pewenue
1-30
A= -3 0 1
1 2
0 -5
2
2 4 -5
Ilpumep 4.2. Tlo marpune kBagpatuunoi ¢opmsl | 4 -3 0| 3a-
-5 0 1

MUcaTh KBaJIpaTHUHY0 Gopmy.

Pewenue

L(x1, X2, x3) = 2xF —3x5 + x% + 8xyxp — 10x.xs.

Onpeoenenue 4.3. Panr MaTpuibl KBaJpaTHIHON (HOPMBI Ha3bIBACTCS
paHroM caMoii KBajpaTHIHOH (OopMBL.

Onpeoenenue 4.4. Ecin Matpuna KBaipaTHUYHOH (OPMBI HEBBIPOXK-
JICHHAas1, TO cama KBaJpaTH4yHas (opMa — HEBBIPOXKICHHASI.

X1
djq ... dn X
— 2
Jlerxko mokaszath, 9To L(x1, X2, ..., Xn) = | v oo .o , TaK Kak
dpy ... 4
nl nn Xn
n n
NPOU3BE/ICHHE MATPHIL B IPABO YaCTH PaBEHCTBA ZZaij XiXj.
i=1 j=1

Orcro/a ClIelyeT MaTPHYHAs 3aIKch KBapaTudHoii hopmer L = XTAX,
B npumepax 4.1 u 4.2 MaTpudHas 3alich KBaJ[paTHIHOU (HOPMBI OyIeT
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CIeAyIOICH:

1-30
1|(x
1. L(xle, X3) = -3 0 — X2
2 || x5
1
0 -5
2
2 4 -5\(x
2. L(xwxo, x3) =14 =3 0 || x
5 0 1 X3

B o0oux ciydasix paHru KBaApaTUYHBIX OPM PaBHBI 3.

Onpeoenenue 4.5. KBagparnunas ¢popMa Ha3bIBACTCS MOJOKUTEIIHHO
(oTpunaTEeNbHO) ONMpEACIEHHOW, €clii MPH BCEX 3HAYCHHIX MepeMeH-
HBIX, U3 KOTOPBIX XOTS OBI OJTHO OTJIMYHO OT HyJs, L(x1, X2, ..., x5) >0
(L(x, x2, ..., xn) <0).

[TocnenoBaTeIbHOCTD TJIABHBIX YIJIOBBIX MHHOPOB MAaTpHIBI KBaJpa-

. . an a
THYHOM (OpMBI OyAET CIEayIOMEN: A1=|a11|, A, = all a” ,
21 22
a;n, A2 ... ip
ax Ay ... &
A, = |01 a2 2n|
dp1 Ap2 ... Anpn

Teopema 2 (kpumepuii Cunveecmpa). Keaopamuunas ¢opma L no-
JLOACUMENLHO Onpedesiena mo2da, U MoabKo mo2od, Ko20da 6ce ee 2lagHble
yenogvle MuHopwl noaoxcumeinvhvl. Keaopamuunas ¢popma L ompuya-
MeENbHO ONpedeneHd mo2od U moabko mo2od, Ko2oa ee Heuemubvle 2l1a6Hble
Venogvle MUHOPbL OMPUYAMETbHDL, d YeMHbLe — HOAONCUNENbHD.

Teopema 3. Keadpamuunas ¢opma noroxicumensHo (ompuyamenbho)
onpeoenena mo20a u Mmojabko moaod, Ko2oda 6ce COOCMBEHHbIEe 3HAYCHUS
K8AOPAMUYHOU MAMPUYbL NOAONHCUNENbHBL (OMPUYAMENbHDL).

Ipumep 4.3. NccnenoBaTh Ha 3HAKOOIPEEIEHHOCTD CIEAYIOLIIE KBaI-
parnunbie HOPMBI:

a) Lx1, xp, x3) = 3xf + 2xpxp + 4 x5 ;

6) L(x1, x2, x3) = 3x + 2xpxpd x5 ;
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B) L(x1, x2, x3) = 4xF —Axixy + x5

Pewenue
(3 1., _ . _13 1_
1. A= 1 4] A =3>0; Ay = 1 4 =11>0 — xBagpatuuHas popma

IMMOJIOKUTCIIBHO OMPEACIICHA.

2. A:(_f’ _}J; A =-3<0; Azz‘_f _i‘:11>0 — KBaJapaTuy-

Hast popMa OTPUIIATEIILHO OTpeIeIICHA.

3. A= (iZ _f); A =4>0; A, =0 — xBamparnynas ¢opma He SBIS-

€TCsl 3HAKOOIPEIETIEHHOM.

Onpeoenenue 4.6. Kpanparnunas ¢hopMa Ha3pIBaeTCsI KaHOHHMYECKOM,
n
ecmm Bee @j = 0 mpu i # J, T. e. L= Zaii X?, M 3HAYUT, MATPHLIA UMEET JHa-

i=1
TOHAJILHBIA BUI.

Teopema 4. Bcaxas keadpamuunas popma mosicem 6vimsv npugedeHa K
KAHOHUYECKOMY 8UOY NPU NOMOWU HEBLIPONCOCHHO20 JTUHEUHO20 Npeobpa-
308aHUA.

CymiecTByeT HECKOJIBKO METOZOB IOJIyYeHHs 3TOro pesyibrara. llpu
peLeHny IpuMepa NpUMEHUM Memoo Jlaspanica.

Ilpumep 4.4. lpuBecTn K KAHOHUYECKOMY BHJYy KBaJpaTHUHYIO (GOpMYy
L= x +2x% +8x% + 2x1xp + 5xpxs + 2x1x3.

Pewienue
Crpynnupyem Bce WICHBI, COACPKAIIUE X1, U TOMOJHUM UX A0 MOJIHO-
T0 KBajpara:

L= (xf + 2x1x0 + 2x1x3) + 2x5 + 8x5 + 5xpxa = (o + 2x1(xp + x3) +

+ (xp + x3)2) — (e + x3)2 +2x3 +8x2 + 5xoxs.

CrpynnupyeM Bce WIEHBI, COEpKaIlNe Xy, U TAKXKe JOTIOTHUM HX JI0
MIOJIHOTO KBaJpaTa:
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L:(X1+X2+X3)2+ X2+§X3 +¥X§.

[Tpu moMoIIM HEBBIPOXKICHHOTO JIMHEHHOTO Mpeodpa3oBanus Y, = x; +
19 N
tx;t X3, Yo=X2F —Xx3, Y3 = Z X3 IIOJIy4yaeM KaHOHUYECKUU BUJ KBagpa-

THYHOH OPMEI:

19
L(ys, Yo Ya) = ¥ + y5 + " y3.

DyHIaMEHTaNbHOE 3HaYCHUE B O0bEAMHEHUH PA3JIMYHBIX METOJIOB BbI-
paskeHHs KBaAPaTUYHBIX (JOPM B KAHOHHYECKOM BHJIC MMEET TaK Ha3bIBa-
€MbIH 3aKOH MHEPLUH KBaIpaTHUHBIX (HopM.

Teopema 5. Yucno craeaemvix ¢ nOI0HCUMENLHLIMU (OMPUYAMETLHBIMUL)
KO3(hhuyuenmamu k6aopamuyHol opmsl He 3a8ucum om cnocoba npuge-
Oerust hopmbl K KAHOHUYECKOMY 8UOY U PABHO PAH2Y K8AOPAMUUHOU (opmbl.

Bce paccMoTpeHHBIE BBIIIIE BOIMPOCH HMEIOT HEMOCPEICTBEHHOE OTHO-
IIeHHe K YIPOIICHUIO YPaBHEHUH KPHUBBIX BTOPOTO TMOPSAKA WIIA WHBIX
JIMHAMN.

B ¢unane npeobpazoBaHUl MOTYT OBITH TOJTYYECHBI CIEAYIOIINE YpaB-

HEHUS B KAHOHUYECKOM BUJIE:
X2y
1. -+ =1 —ommmc.
a~ b
B gactHOM citydae, korfga @ = b = R, uMeeM ypaBHEHHME OKPYKHOCTH
2.2 02
paauyca R ¢ meaTpom B Havasne KoopauHat X~ + y° = R

2 2
X
2. —2+y—2 =0 —rouka
b
X2 y?
3. —+ Pel =—1 — MHUMBII 35THTIC (ITyCTO€ MHOKECTBO TOYEK).
a
2 2
X
4, — Y 11 — rumep6oIbL.
2
a~ b
X2 y?
5. — —<5 =0 — napa nepecekarouxcst NPSIMBIX.
a~ b
2
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7.y" = a® (x* = a®) — mapsl IAPAIEIBHBIX IPSMbIX.

8. )% = 0 (x* = 0) — mapbI CTMBIIMXCS PSIMBIX.

9.y* = —a® (x* = —a°) — mycThie MHOKECTBA TOUCK.

VYpaBHenus 1-3 onpeaenstoT GUIypbl JUIMITHYECKOTrO TUMa, 4 U 5 —
runepbonmaeckoro, 6—9 — mapaboamIecKoro.

Paccmotpum oOriee ypaBHEHNE KPHUBOIT BTOPOTO MOPS/IKA HA TNIOCKOCTH

ax? + bxy + ¢y’ + dx + gy + f = 0, rze [a]+|0| +|c| = 0.

KBazparuanas popma, COOTBETCTBYIOIIAS JAHHOMY ypaBHEeHH IO, — L(X, Y) =

= ax’ + bxy + Cyz. Marpuia KBaapaTudHOi (GopMBI UMEET BHIT

N|T
o N|T

b
a —_—

OueHp BaK€H CIEAYIOUIMA KPHUTEpHi: ecimd A= b 2|50, To obuee
— C

ypaBHEHHE KPUBOW BTOPOTO MOPSAKA OMpeesieT GUrypy dUTMITHIECKO-
ro tuna, ecii A < 0 — runepbommaeckoro, a ecin A = 0 — mapadoIrIecKoro.

Ipumep 4.5. TlpuBecTH K KAaHOHMYECKOMY BHIY ypaBHeHHE 25x7 —
— 14x1x, + 25 x5 — 64xy + 64x, — 224 = 0.

Pewenue
(25 -7
A= (— 7 25)'
" 25-A -7 _
CTIOJB3YeM XapaKTePUCTHYECKOE yPaBHEHUE |°5 "Hp 5| = 0.

[omyunm:

(25-1)°—49=0,25-A—7=0,%, = 18;

25-A+7=0,2, =32

Haiinem HOpMHPOBaHHBII COOCTBEHHBIH BEKTOP-CTOIOC MAaTpULBl 4 C
coOCTBEHHBIM WwieHOM A; = 18. CocTaBuM cuctemy:

{7U1 —7u, = 0,

—7U1+7U2=O:u1:u2.
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Nmeem anst Ay = 18 cOOCTBEHHBIH CTOIOCI-BEKTOP G)

vy —7v, =0,

v, = V.
v 4TV, =0V 2

Hns A, = 32 umeem cucremy {

Jnst A, = 32 coOCTBEHHBIN CTONOEL-BEKTOP (1_ 1).

1) (L
J2

HopMmupyem ux u nomy4aem, COOTBETCTBEHHO, ‘/15 Mg — op-

V2 2

TOHOPMHUPOBAHHBIN Oa3ucC.
HckoMBIM OPTOTOHAIBHBIM MPE0OPa30BaHUEM Oy IeT:

1 1 1 1
X1= —=W%1— —=VY2, 0= —=Y1+— V>
TR R R
IloacTaBuM 3TH 3HAYEHUA B YPAaBHEHUE KPUBOM:

(y2-v2)* _
9

2
2
18y2 +32(y, —+/2) = 288; i'—; + 1,
Tomyanm ypasHeHHe uImIca ¢ neHTpoM B Touke Oy(0;v/2 ) 1 ¢ mony-
ocsimu 4 u 3. Tlo KpuUTEpHIO, 3alMCaHHOMY BBIIIE JUI MAaTPHIIBI

A= (357 _29 , OLIpEJIEIUTEND A = 357 _22‘ >0.

OTO HEpaBEHCTBO, IZi€ CJIE€BAa CTOMUT OINpPENEIUTENh MAaTPUIbI KBajapa-
THYHOH (OPMBI, O3HAYAET, YTO JAHHOE B YCJIIOBUU YPaBHEHUE KPHUBOMH
BTOPOIO MOPSAKA ONMPEAENISIET KPUBYIO 3JUIMOTHUYECKOro TUMa. Tak OHO U

v (y2—2)?

npousonuio. K ypaBHeHuto smmunca ~— + 5

HUTP NapaIeNbHBIN epeHoc o GopMynaMm: Z; = Yi; Z, = Yo — J2 . meem
clietyroniee KAHOHMYECKOE YPABHEHHUE JIUINAIICA B KOOPIMHATAX (Z1, Zy):

=1 MoxHO mpume-

Tecmubt
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BribepuTe npaBHIBHEIN OTBET.

Tecm 4.1. ®yHKUUS KBAAPATUIHON (HOPMBI UMEET BUJ:
1) f(x1, x2, X3) = 2 %7 — 5x1x3 + x7 x3;

2) f(x1, x2, X3) = xf — xp x1xz;

3) f(x1, X2, x3) = 3xF — Boryxg + X2 — Xox3;

4) f(x1, X2, X3) = X1x3 — 2 X3+ X2 ;

5) f(ox1, x2, x3) = x1 — 5x5 + xaX3.

Tecm 4.2. Panr GyHKipy kBaapatiHanoi dopmsr L(xy, xp, x3) = 3x7 + x5 +

+ 4)c32 — Bxqxs:
N1, 2)2; 3)3; 44; 5)5.

Tecm 4.3. 3nakoomnpeieIeHHOCTh (QYHKIUU KBaApaTUIHOU (QOpPMBI
L(xg, x2) =12 x2 —Bxpx, + T x5:

1) MoIOKUTENBHO ONpeeeHa;

2) oTpUIIaTEILHO OTIPENIEICHA;

3) 3HaKoOMpeIeNeHa.

Tecm 4.4. 3nakoomnpeieIeHHOCT (QYHKIUU KBaAPaTUIHOU (QOpPMBI
L(x1, x2, x3) = 2x2 — X —xpx3—2x2:

1) monoXKUTENHHO ONpeeieHa;

2) oTpHUIIaTEIHHO OTIPENIETICHA;

3) 3HaKooMpeaeIIcHa.

Tema 5. AIIMIPOKCUMALIMA U UHTEPTIOJIALIAS
OYHKIINHU

5.1. Annpoxkcumanus GpyHKIUH

B mpocreiimem ciydae 3amada annpoOKCHUMAalUMM 3KCIEPUMEHTAIBHBIX
JAHHBIX BBIMJISIIUT CIIEAYIOIIMM 00pa3oM: MyCTh €CTh KaKkue-TO JaHHBIE,
MOJTyYeHHBIE MPAKTUIECKUM ITyTeM (B XOJI€ SKCIIEpUMEHTa MIIM HaOIo/1e-
HUS), KOTOPBIE MOXKHO TPEACTaBUTh mapamu uncen (X, Y). 3aBUCHMOCTh
MEXIY HIMHU OTpakeHa B Tabiuue 3.
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Tabaumna 3

Xi Xo X1 Xo e Xn
Yi Yo Y1 Y2 . Yn

Ha ocHoBe 3TuX HaHHBIX Tpedyercs moaoopars GyHKIH Y = ¢(X), KO-
TOpasi HAWTY4IIMM 00pa3oM CriakuBaja Obl SKCIIEPUMEHTAJIbHYIO 3aBHUCH-
MOCTh MEXIY MEPEMEHHBIMU U [0 BO3MOKHOCTH TOYHO OTpaxkajia OOIILyIO
TEHJICHIMIO 3aBHCHUMOCTH MEXITy X U Y, UCKIIOYasi TOTPEIIHOCTH H3Mepe-
HUI W CIIydYaiHble OTKJIOHEHHUS. DTO 3HAYMT, YTO OTKJIOHEHHS Y — @(X;)
B KAKOM-TO CMBICJI€ OBUIH OBl HAMMEHBITHMIL.

Annpokcumayus — iporiecc moa00pa IMIUPUUECKON QYHKLHHK Y = @(x)
JUISl yCTAHOBIICHHUS M3 OTbITa (DYHKIIMOHATBHOH 3aBUcHUMOCTH Y = f(x).

Omnuprueckre GopMyIsl CIIyKaT ISl aHATUTHYECKOTO Ipe/CTaBIIe-
HUSI OTIBITHBIX JTAHHBIX.

OOBIUHO 3a0aua annpoxcumayuy pacnagaeTcs Ha ABE YaCTH:

1. CHavana ycTaHaBIUBAIOT BUJ 3aBHCUMOCTH Y = f(X) 1 coOTBETCTBEHHO
BUJI SMIIUPUYCCKON (HOpPMYJIBI Y = @(x), T. €. pelIaroT, SBISCTCS JH OHA
TUHEWHOH, KBaIpaTHIHOMN, JIOTapH(PMIIECKON UITH KaKOW-JINO0 APYTOi.

2. 3aTeM OnpenensioT YUCICHHbIC 3HAYeHUs] HEU3BECTHBIX apaMeTpoB
BBIOpaHHOH AMIUPUYECKON (OPMYIIBI, Ui KOTOPBIX NPUOIIKEHHE K 3a-
JaHHOHM (DYHKIIMH OKa3bIBAaCTCs HAVITYYIIHM.

5.2. UuTepnonsinus pyHKuu

WHTepIonnpoBaHue Mo ONPEACICHUIO MPeANoiaraeT HaxKACHHUE MPo-
MEXKYTOUHBIX 3HAYCHUI BETMYNHBI, 331aHHOM TabaMIeil Win rpaduKoM, 1o
HEKOTOPBIM €€ 3HAUCHHAM. OTHOCHTENLHO q)yHKI_[I/IOHaJ'II)HLIX 3aBUCUMO-
CTeii OHa SBJISETCS] OJTHMM M3 OCHOBHBIX BHJIOB TOYEYHO allpOKCHMALIHH.

[Tycts Ha orpeske [a, b] 3amanbl 3HaueHus pynkimu y = f(X) B Toukax
A<Xg< X <Xy <...<X,<h:

f(Xo) = Yo, f(X1) = Y1, f(X2) = Y2, ..., T(Xn) = Yn.

HHmepnOﬂ}leﬁ/l}Z — HaXO0XJACHHUC MHOT'OYJICHA HC BBIIIC N-i CTEIeHU

Pa(X) = apX" + ax™ ' + a2 + ... + a4X + ap, (5.1)

KOTOpBIﬁ B TOYKax Xo, X1, X2, ceey Xn HpI/IHI/IMaCT TC K€ 3HAUYCHHA, YTO U
JaHHas (byHKLII/IH, T. €. BBIIIOJIHSROTCSI paBeHCTBa:

Pa(x) = () =¥i, =0, 1,2, ..., N, (5.2)

ﬂpyrI/IMI/I CJIOBaMH, UHTCPIOJIAINA — HAXOXICHUC MHOTI'OYWICHA BHUOA

40



(5.1), xoTopHIii Ha oTpe3Ke [a; D] sABmsICS ObI MPUOTMIKEHHEM IS (YHK-

i Y = f(X).
Meuorouer (5.1) Ha3bIBACTCS UHMEPNOAYUOHHBIM MHO20YUICHOM, TOU-
KH Xo, X1, X2, ..., Xn — V30AMU UHMEPROTAYUU.

WHTeprionanus naeT BO3MOXXHOCTh HaXOIWUTh NMPHONMKEHHBIE 3HAYE-
Hust Gyukiun f(X) B Toukax X, jgexanmx MEKIY y3JIaMH WHTEPIOJISIIUH,
Korma (YHKIUS 3afjaHa TOINBKO B TOYKaX Xo, X1, ..., Xp, @ TAKKe KOTna
byHkms 3agaHa Gopmysoi Ha BceM oTpeske [a; D], HO BbIUHMCICHHE ee
3HaYEHUH 110 3Toi (hopMyIie OYeHb TPYIOEMKO.

ITokaxem, 9TO BCerAa CyIIECTBYET M MPUTOM €IUHCTBEHHBIN MHTEPIIO-
JSUOHHBIA MHOTOWIEeH (5.1), yIOBIETBOPSIONINI yCIOBHSIM DPaBEHCTBA
(5.2). 1ns mpocToThI BO3bMEM N = 2, T. €. UICKOMBIH MHOTOWJIEH:

Py(X) = apX* + ayX + . (5.3)

IloncraBnsist B ypaBHeHHE (5.3) BMeCTO X 4uciaa Xo, X1, X ¥ YUUTHIBas,
YTO B OTHX TOYKaX 3HauYeHUs (QYHKIUH COOTBETCTBEHHO PaBHHI Yo, Yi, Y2,
MOJTy4aeM CHUCTEMY TpeX ypaBHEHHH NEpBOW CTENEHH C TPeMsI HEM3BECTHBI-
MH dg, a1, -

aoxg +a1Xp + a2 = Yo,
a0X12 +a1X +az =Y,
AoX2 +aX, +ap = Yo

Tak kak uyucna Xg, X1, Xp pa3jU4yHbl, TO ONPEACIIUTENIb 3TOH CHUCTEMBI
OTJIMYEH OT HYJIS:
2
Xo Xo
2
2 ¥4 A= (% — X0 )(X2 — X0 ) (% — X2 ) # 0.
2
X2 X2

CrnenoBaresbHO, pelIeHUE JAaHHOW CUCTEMBI CYIIECTBYET M OHO €/IWH-
CTBEHHOE, YTO U JIOKa3bIBACT YTBEPKICHHE.

I'eoMeTpHUECKH 3TO O3HAYAET, uTO Yepe3 TpH ToUKku Mo(Xo; Yo), M1(X1; Vi),
Ma(X; Y2) IPOXOIUT €IMHCTBEHHAS JIMHHS, ONpeieisieMast ypaBaenueM (5.3).

Takum 006pazoM, HHTEPITOIAIMOHHEIN MHOTOWICH (5.1) Bceraa cyie-
CTBYET U €IMHCTBEHEH.

Humepnonayuonnan gpopmyna Jlazpanorca.

PaccmoTpuM Borpoc 00 OThICKaHUH KOI(DGUIIMEHTOB WHTEPIIONIAIUOH-
Horo mHorowieHa (5.1). IloacraBuss 3TOoT MHOTOWIEH B cuctemy (5.2),
nojy4aem cucreMy N + 1 ypaBHeHUit nmepBoi cternenu ¢ N + 1 koaddumu-
€HTaMH Qg, a, ..., dn-
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Qg + & Xg +--+anXy = Yo,
Qo + & X +--FanX] = Vi,

Qo + &y Xn +- -+ anXn = Yn.

Pemras cuctemy, HaxoauMm K03()(QUIIMEHTH U, TOJCTABIAS UX B ypaB-
Henue (5.1), mosyyaeM MCKOMBIH MHTEPHOJSIIMOHHBIA MHOTOUIEH. OnHa-
KO Ha MPAaKTHUKE 3TOT CIOCO0 CBSI3aH C TPOMO3AKUMH BBIYUCICHUAMH MIPH
PEILLICHUN CUCTEMBI.

[TosTOMY MHTEPIONSMOHHBIN MHOTOWIEH (5.1) Oyaem uckaTh B BUAE

Pn(X) = ao(X = X1)(X = X2) ... (X =Xp) + @1(X = Xo)(X = X2) ... (X—Xq) +
+ .t a(X = X)X —X1) ... (X—Xn1). 4)

[lonmarast B dhopmymy (5.4) X = Xo ¥ yYUTBIBasi YCIOBUs CUTEMEI (5.2),

MOy YHM:
Yo = ag(Xo — X1)(Xo — X2) ... (Xo — Xn),
OTKyJa
_ Yo
(%o = %) (X —X2) -+ (X0 — Xn)
[onarast B hopmyity (5.4) X = Xy, IOJIYIUM:

Y1 = ar(Xg — Xg) (X1 — X2) ... (X1 — Xn),

Qo

OTKYy/1a
g = 2
(% —%0) (X — %X2) =+ (% — Xn)

AHAJIOrMYHO HAXOIUM Ay ... .

a, = Y2 ,
(X2 = X0) (X2 = X1) ==+ (%2 — Xn)

. .yn |
(Xn - XO)(Xn - Xl) e (Xn - Xn—l)

[oncraBnss HaliaeHHbIe 3HAUeHUs KO3 duIHeHToB B Ghopmyny (5.4),
MOJYYMM UCKOMBI MHOTOUJIEH:

ap =
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P, (X) — (X_Xl)(X_XZ) (X_Xn)
T (0= x) (X0 = %) -+ (X0 — X0)
(X_XO)(X_XZ)'”(X_XH) V1 + (55)
(%= X0) (X1 = %2) -+ (X1 = %n) '
(X =Xo)(X=X1) -+ (X = Xn1)
(Xn = Xo) (X = X1) *+* (Xn —Xp1)
®dopmyna (5.5) Ha3BIBACTCS UHMEPNOIAYUOHHOU popmyaoi Jlazparoica.

Yo +

+ -4

Ilpumep 5.1. B pesynbrare sxcniepumenta st pynkuun f(X) momydmnm
Tadnuity 4.

Tabnumna 4
Xo = X, =3 Xo=5
Yo = Y1 = Y, =8

Haiith MHOTOUYNIEH BTOpPOH CTENEeHH, NPUOIMKEHHO BBIPAXKAOIINN
dbyuxrmio f(x).

Pewenue
ITo popmye (5.5) Haxomum:
P, (X) = (X=X )(X=Xz) ot (X=Xo)(X—Xz) 4 (X=Xo)(X—X1) , =
(Xo —X1)(Xo — X2) (X1 —Xo) (X1 — X2) (X2 —Xo) (X2 —X1)
__(x-3(x=5), (x-D(x-5), (x-D(x-3) 4
(1-3)1-5) 3-1)(B-5  (B-1)(B-3)

11
Py(X) = X ==X+ —.
2(X) 2 X5

Hnmepnonayuonnas popmyna Heromona.
PaccMoTpuM wacTHBIH citydail, KOria pa3sHOCTh MEXIY Y3JIaMH IOCTO-
SIHHAa ¥ paBHa X; — Xj_1. BBenem cnemytomnme 0003Ha4YeHUS:

AYo=Y1—Yo, AY1=Y2 = Y1, AY2 = Y3~ Y2, .. » 5
AzyO = AYl — Ayq, AZYI = Ay, — Ays, AZYQ = Ay3 — Ayz, e
ASYO = A2y1 - AZYO, A3Y1 = A2y2 - Azyl, ey

Ao =A™y — AM g, Alyy = ATy, - A™ Yy,
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Ha3bIBAEMBIE PA3HOCMAMU NEPBO2O, BMOPO20, MPEMbe20, N-20 NOPAOKO08.

Haitnem uHTEpHONALMOHHBIA MHOTOUWIEH N-i1 CTENeHW, TPUHUMAIOITUN
B TOYKaX Xg, X1 = Xo + h, X2 = Xo + 2h, ..., Xy, = Xg + nh cooTBeTCTBEHHO 3HA-
qeHus Yo, Y1, Y2, ..., Yn. CHaUasia HaiileM MHOTOWICH ITIEPBOH CTEICHU,
NPUHAMAIONINN B TOUKAX Xo M X1 = Xo + h 3Havenus Yo u ;. [loacrasmss B
dopmyity (5.5) BMECTO X; 9HCIIO Xg + h, momydaem:

X — X
PL(X) = Yo +Ayo - e

AmnajgorugHo HaxoJuM:

_ X=Xo Ao .o v
P>(X) = Yo +Ayo N e (X=Xo)(X=X¢);
X—Xo _ A’yq
Ps(X) = Yo + A + X—=Xo)(X—X%.)+
2(X) = Yo +AYo h 2!h2( 0)( 1)
Ayo .

+ T (X=X0) (X=X )(X = Xz);
_ X=Xo Ao . v
Pr (X) = Yo + Ao F o (X=X%o)(X—X) +
Ay,
+— (X=X0) (X=X ) (X = X2) + (5.6)
3h
A'y

n!h: (X=%0)(X = X1)... (X = Xn_1),

+...+

niIn

n A yO
P (X) = Yo +-21W(X_ Xo)(X=X) ... (X—Xi-1).
3 i

®opmyna (5.6) ompenenseT UCKOMBIA MHOTOWICH W HA3bIBACTCS UH-
mepnonayuorHol gopmynoi Hetomona.

3agava MHTEPIONSAIMN UMEET eIMHCTBEHHOE pelleHue, o3ToMy ¢Gop-
mydbl Jlarpamka 1 HeroToHa 1711 JaHHBIX 3HAYEHUH X; U Y TOKICCTBEHHBI
Y OTJIMYAIOTCS JIMIIb TPYNITUPOBKON YJICHOB.

Ha nipaxtuxe ¢popmyna Hetotona Gonee yno0Ha, Tak Kak npH J00aBIeHUN
HOBBIX Y3JI0B MHTepnoysinuu B (opmyse Jlarpamxka tpeOyercs nepecuu-
TBIBAaTh 3aHOBO Bce KO3 (HUIMEHTHI, Korga Kak B Gopmyine HeioTona mo-
0aBISAIOTCS TOJIBKO HOBBIE ClIaraeMble, CTapble OCTAIOTCS 0€3 U3MEHEHHUSL.

Tecmubt
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BribepuTe npaBHIBHEIN OTBET.

Tecm 5.1. IHTepTIONSIIMOHHBIN MHOTOUJICH 2-M CTETICHH NMEEeT BU/I:
1) Py(x) = apx’ +auX + a;

2) Pa(x) = apX + ay;

3) Py(X) = 2ay + 2a1X + 2aX;

4) Po(x) = ap<® + ap® + ax + a°.

Tecm 5.2. MuorouieH Buaa

N 1 Bt ) I () et S Bt B
(Xo = X1)(Xo = X2)++(Xo — Xn) (X = Xo)(X1 — X2) - (X1 — Xn)
(X =Xo)(X=X1) (X = Xn_1)

(X0 = X0)(Xn = Xa) -+ (Xn = Xn1)

Ha3bIBACTCA:
1) uarepnonsuroHHoi Gopmynoit HeioToHa;
2) MHTEPIIONSIMOHHON (opMynoit Jlarpanxka;
3) dhopmymnoit bepuysu.

Tecm 5.3. 3agaya UHTEPIIONSAIIUN UMECT:
1) MHOXECTBO pELICHMIA;
2) eAMHCTBEHHOE pEeIlCHHE.

Tema 6. HEKOTOPBIE TEOPEMBI
O JNOPEPEHIIUPYEMBbIX ®@YHKIUAX

PaccMoTpuM psii TeopeM, UMEIOIUX OOJIBIIOE TEOPETHUECKOE U TPHU-
KJIaTHOE 3HAUYCHHE.

Teopema 6 (@epma). Eciu ougppepenyupyemasn na unmepsaie (a, b)
@ynxyus y = f(x) npunumaem nauborvuee (HaumeHvlulee) 3HAUEHUE 6 He-
Komopoti mouke ¢ € (a;, b), mo npouzso0nas yHxyuu 6 3mot mouke pas-
na nymo, m. e. f'(c)=0.

Teomempuueckutl cmvlci meopembl 3aKITIOYACTCS B CISYIOIIEM: B TOUKE
HaMOOJIBIETO MIIM HAWMEHBIIIETO 3HAYCHHMS, JTOCTUTAEMOT0 BHYTPH IIPO-
MexyTKa (a; b), kacarenpHas kK rpaduky GyHKIHH TapamienbHa ocu OX
(pucyHox 9).

Y
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Pucynoxk 9

Teopema 7 (Ponns). [lycmo ¢ynxyus y = f(x) yooseremsopsiem ciedy-
FOWUM YCTOBUAM.:

1) nenpepuisna na ompeske [a; bj;

2) oughghepenyupyema na unmepsane (a; b);

3) na konyax unmepsana npunumaem pasuvie snavenus, m. e. fla) = f(b).

Toeda enympu ompeska cywecmeyem, no Kpaineti mepe, 00HA MO4KA
C € (a, b), 6 komopoii npouzeoonas pasua nyo: T'(c)=0.

I'eomempuueckuti cmvicl meopemsl COCTOUT B CIEIYIOIIEM: y rpaduka
HETPEepBIBHON Ha oTpe3ke u auddepeHuupyeMoii BHYTpH HEro (YHKIUH,
NPYHUMAIONICH Ha €ro KOHIIAX OJMHAKOBHIC 3HAYCHUS, CYIIECTBYET TOUKa,
B KOTOPO# KacartenbHas K rpaduky ¢yHknuu napawiensna ocu OX (pucy-
HOK 10).

Y M
f(c) '
fay=f) |1 o |
Ol a c b X
PucyHnoxk 10

Teopema 8 (Jlazpansca). Ilycmo pynxyus y = f{x) yooeremeopsem
CeOYIOWUM YCLOBUSIM.

1) nenpepuisna na ompeske [a; bj;

2) oughhepenyupyema na unmepsane (a; b).
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Tozoa snympu ompesxa cywecmsyem no KpauHel mepe 00HA MOouKd
C € [a; b], 6 komopou npou38oOHAs pasHA YACMHOMY OM OeleHUs npupa-
WeHUs YHKYUU HA NpuUpaujeHue apeymMenma Ha 3mom ompesKe, m. e. 8bl-
NONHAENCSL PAGEHCTNEO

- 101,
b—

T'eomempuueckuil cmbici meopembvl 3aKIIOYACTCS B CICAYIOLNIEM: Ha
kpuBoii Y = f(X) Bcerna Haiinercst xorst 061 oiHa Touka M (c; f(C)), B xoToO-
poii KacaTenpHasi, IPOBEJCHHAs K KPUBOI B 9TOM TOuKe, OyAeT napajuienbHa
Xope, IpoBeIeHHON Yepe3 KOHIIbI AyTH (pucyHok 11).

o |--------é---

0 a c

Pucynok 11
Teopema Jlarpamka siisiercss 0000IIeHHEM TeopeMbl Posis.

Teopema 9 (Koww). [Tycmo pynxyuu y = f(x) u y =@(X) yoosremeo-
PAIOM CIe0YIOWUM YCILOBUAM:

1) nenpepuisnbl Ha ompeske [a; b];

2) oughghepenyupyemvol na unmepsare (a; b);

3) @(X) =0 60 6cex mouxax unmepsana (a; b).

Tozoa cywecmeyem no kpaiineil mepe o0Ha mouka ¢ € (a; b), 6 komo-
POl BLINOTHAEMCS PABEHCTNEO

f(b)—f(a) _ f'(c)
o(b)-0(@) ¢'(c)

. 0
PaccMoTpum crmoco0 pacKpheITHS HEONpEAeNIeHHOCTeH BUIa (6 u
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w v
[—) , KOTOpPBIKM OCHOBAH HAa MMPUMCHCHUHN ITPOU3BOJHBIX.
[e.¢]

Teopema 10 (npaeuno Jlonumans). Ilpeden omuowerus 08yx becko-
HEeYHO MAIbIX UTU OECKOHEYHO DONbUWUX PYHKYULL paseH npedety OmHOoule-
HUA UX NPOU3BOOHBIX (KOHEUHOMY UNU OECKOHEYHOMY), eClu NOCAeOHUl

cywyecmeyem 6 YKasaHHOM CMblCIle.

o0
I/ITaK, €CJIM UMECTCA HECOIPLCACJICHHOCTL BU A [6) niIn [—J , TO

lim 1) _ i 0
x—a (p(x) Xx—a (P'(x)

HIIn

tim 1) _ jim £
S () g/(x)

IlIpumep 6.1. Ilpumenns npasuio JlonuTans, HaWTH TIpeae
2
X" -1
m 2— .
x-1 X° —3X+2

Pewenue

lim x? -1 _(gj_“m (x2 1) i 2x 21
o1x?-3x+2 |0 Xﬁl(x2—3x+2), 12x—-3  2:1-3
-1

Yenoeusa monomonnocmu gynxkyuu. Ixcmpemymor pynxyuu.
Oynkuus y = f(X) HaspBaeTcs sozpacmaroweti (voviearoweii) Ha OTpe3-
ke [a; b], ecmu mis Mr0OBIX X; M X, HA 3TOM OTPE3KE BEPHO HEPABEHCTBO

f(x0) < f(xo) (F(X1) > f(%2)), KOTMA X1 < X

Teopema 11. Ilycmo ¢hynxyus y = f(x) nenpepvisna na ompesxe [a; b]
u ougghepenyupyema 6o 6cex mouxax unmepsaia (a, b). Eciu npu smom
f1x) > 0, mo ¢ynkyus sospacmaem na ompeske [a; bj, ecau f(x) < 0, mo
@ynxyus yovieaem na ompeske [a; b].
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ODyHKIMSI BO3pacTaroLasi WiK yObIBAIOIIAs Ha3bIBAECTCSI MOHOMOHHOU.

Touka X = X, Ha3bIBaeTCs MOuKou makcumyma (munumyma) GyHKIHNA
f(x), ecnu cymiecTByeT ABYCTOPOHHSISI OKPECTHOCTh 3TOI TOYKH, B KOTOPOW
¢GyHKUUS onpeAesieHa U MPH 3TOM sl BCEX X # Xo U3 3TOH OKPECTHOCTH

f(x) <f(xo) (f(x) > f(xo)).

Teopema 12 (neobdxooumvle ycnosus skcmpemyma). Ecnu xo — mouxa
aKCmpemyma QyHKyuy, mo aubo npoussooOHds 8 Mol MmoyKe He cyuje-
cmeyem, au6o f(Xo) = 0.

OO6paTHOe yTBepK/IeHIEe HEBEPHO.

ToukH, B KOTOPBIX MPOHM3BOJHAS paBHA HYIIO, HA3BIBAIOTCS CMAYUO-
Hapuvimu. TOYKH, B KOTOPBIX MPOU3BOJHAS PaBHA HYJIO WIH HE CyIle-
CTBYET, Ha3bIBAIOTCS KPUMULECKUMU.

Teopema 13 (0ocmamounsie ycnosus sxcmpemyma). Ilycmo ynukyus
y = f(x) HenpepvigHa 6 mouke Xo U Ouppepenyupyema 6 HekOmMopol ee
oxpecmuocmu (Kpome, 6vimsb Modicem, camou moyxku Xq). Ecau npu nepe-
X00e yepe3 MoKy Xo npou3800Has f(x) MeHaem 3HAK ¢ NAOCA HA MUHYC, MO
Xo — mouka maxcumyma. Eciu osrce npouzsoonas f(x) mensem 3Hax ¢ Mury-
ca Ha nuoc, Mo Xo — MOYKA MUHUMYMA.

Ipumep 6.2. Haiitn sxctpemyms! GyHkimn y = X° — 9x° + 15x.

Pewenue

Oynknust onpeneneHa u aupdepeHupyemMa Ha Bceld YUCIOBOH Mpsi-
Moii, mprdem Y’ =3x? —18x+15=3-(x—1)-(x—5).

OmpenensieM KpUTHYECKHE TOYKH, B KOTOPBIX mpousBogHas f'(X) = 0
WY HE CYIIECTBYET.

1. IIpupaBHUBas NPOU3BOIHYIO K HYJIIO, HAXOAUM: X =1, X, =5.

2. Toyexk, B KOTOPBIX NPOM3BOAHAS HE CYIIECTBYET, Y JAaHHOW (DYHKIMH HET.

Hanocum kpuTHuYecKre TOYKH Ha YHCIIOBYIO mpsimyto. s ompenene-
HUsl 3HAKa MPOW3BOJHOW Ha KaKJOM INPOMEXYTKE BBIOEpEM 3HAUEHUS.
Hanpumep, npu x =0 f'(0) = 15 > 0, cinenosarensHo, f'(X) > 0 mpu Bcex X < 1.
B pesynbraTe, noiaydaeM KapTHHY 3HAKOB MPOU3BOIHOM, IPEICTABICHHYIO
Ha pucyHke 12.

ot N e
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1 5 X
PucyHnok 12

Nrak, ¢pyskmus y= x> —9x? +15x yOsiBaeT Ha mpomexyTke [1; 5] u
BO3pacTaeT Ha MpoMexyTkax (—o; 1) u (5; +o0).

Touka x = 1 sBIsIeTCA TOYKOH MaKCUMyMa, X = 5 — TOUKOIl MUHHMYyMa.

Torpa

frox = F)=12-9-12+15.1=7, f, = f(5) =5°—9-5° +15-5=-25,

Buinyknocms u 6ocnymocme zpagpuxa gpynxyuu. Touku nepezuoa.

I'paduk auddepentmpyemoii hyukiwn Y = f(X) HaspBacTcs sbinykivim
(6vtnyxavim 66epx) Ha uHTepBaie (a; b), ecim oH pacnonokKeH HUKE Kaca-
TEJTHHOH, MPOBEIEHHOHN B JIF000H TOYKE ITOTO MHTEpBaia (pucyHOK 13).

yli

<V

b

0 a Xo
Pucynoxk 13
I'paduk auddepenmpyemoii pyukimu y = f(X) Ha3piBaeTCs goeHymuvLm

(6vinyxnvim 6nu3) Ha uaTEpBaie (a; D), ecnu OH pacmoioXKeH BBIIIE Kaca-
TEJIBHOM, MPOBEJICHHON B JIF00O TOUKE 3TOr0 MHTEpBaJia (PUCYHOK 14),

yA

k

o

[T A
>

S

ob----------
x

Pucynoxk 14
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Teopema 14 (0ocmamounoe ycinogue evinyxkiocmu (602Hymocmu)
epagpuka ynxyuu). Ecu f(x) < 0 na unmepeane (a; b), mo epagpux
QdyHKYUU A8NAeMCA 8LINYKALIM HA 3mom unmepsane. Eciu f"(x) > 0 na un-
mepeane (a; b), mo epapux Gynxyuu s61siemest 60eHymviM HA HMOM NPO-
MedcymKe.

Touku, B KOTOPBIX BTOpast npou3BoaHas GpyHkuuu Y = f(X) paBHa Hyro
I OECKOHEYHOCTH JINOO BOBCE HE CYIIECTBYET, Ha3bIBAIOTCS Kpumuue-
CKUMU MOYKAMU 8MOPO20 pood. DTN TOUKHU JIeKAT BHYTPH 00JIaCTH Ompe-
JIeTICHUS] TAaHHOH (DyHKITHH.

Touka M(Xo; f(Xo)), oTAessIFOIIasT BBIMYKIYIO U BOTHYTYIO YacTh HEmpe-
PBIBHOH (DYHKIINHM, Ha3BIBACTCS MOUuKOU nepecuda (pUCyHoK 15).

Toukn mepernda GpyHKINM HAXOAATCS CPEIN KPUTUYECKHX TOYEK BTO-
poro pona.

[COR -

ol 4

0 Xo
Pucynok 15

3ameTuM, 4TO rpaduK QyHKIHUHU [IEPECceKaeT KacaTelbHylO B TOUKE Iie-
peruda 1 nNepexoauT ¢ OJHOM ee CTOPOHBI Ha APYTYIO.

Teopema 15 (neob6xo0umoe ycnosue mouxku nepezuba). Eciu xq —
mouka nepecuda epapuxa gynxyuu y = f(x), mo aubo emopas npouzeoo-
Has 6 smot mouxe He cywecmayem, auoo f"(xq)=0.

Teopema 16 (0ocmamounoe ycnosue mouku nepecuda). Eciu npu ne-
pexooe uepe3 KpUmuueckyio mouxy xo emopas npouzeoonas f"(X) mens-

em 3nak, mo mouxa M(xo;, f(Xo)) ecmv mouxa nepecuba ¢ynxyuu 'y = f(x).
Ecnu oce f"(X) snaxa ne mensiem, mo mouxa M(xo; f(Xo)) mouxoii nepeeu-
ba He aensiemcs.
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Ilpumep 6.3. Haiitu TOukH niepern6a 1 UHTEPBAJIBI BBITYKIOCTH U BO-
ruyTocTd rpaduka pyHkmmu Yy = X° —5x? +3x 5.

Pewenue

Oynkims Y = x> —5x? +3x—5 onpeneneHa u aBaxabl AudQepeH-
pyeMa nipu X € R:

y' =3x?—10x+3, y" = (3x? —10x +3)’ = 6x—10.

Haxonum Touku, B KOTOpPBIX BTOpas MPOMU3BOAHAS oOpalaercs B HOJIb
WIN HE CYIIECTBYET:

1.y"=0,6x—-10= O:>x=§.

2. Todek, B KOTOPBIX )" HE CYIIECTBYET, HET (PUCYHOK 16).

y') = +
y(X)

v

w | U1 ¢
<

Pucynok 16
) . 5
Kax BunHO u3 pucyHka, "< 0 Ha IPOMEXYTKE | —o0; 30 cle10BaTeb-

5
HO, (YHKIIMSI HA HEM BBINyKJIa; V" > 0 Ha MPOMEKYTKE [5 +o0 |, cnenoBa-

TENBHO, ()YHKIHS BOTHYTa Ha TOM MPOMEKYTKE.
5 (5) 250
Touka X =— — Touka neperuda; y| — |=———.
3 3 27

Acumnmombut zpagpuxa pynkuuu.

Acumnmomou rpaduka ¢ynkuuu y = f(X) Ha3bBaeTcs npsimas /, 00-
Jaaonias TeM CBOMCTBOM, uTo paccrostaue oT Touku M(X; f(X)) rpaduka
10 970l mpsMoit ¢ mpu ynanenuu Touku M(X; f(X)) B GeckoHEYHOCTH
CTPEMHUTCS K HyII0 (pUCYHOK 17).

AcuMnTOTH OBIBAIOT TPEX BHUJOB: BepTHKAIBbHBIE (17a), TOpU30HTATH-
uoie (176) u naxkinonusie (17s).

A
Y1 ¢

—
v



v

a 7] 8

Pucynoxk 17

Haxoxnenne acumnror rpaduka ¢yaknuun Y = f(X) ocHoBaHO Ha
YTBEPKICHUSX, TPEACTABICHHBIX HUXKE.

Teopema 17. Ilycmov ¢yuxyus y = f(x) onpedenena 6 Hexomopoi
OKPEeCmHOCMU MOYKU Xo (UCKTIOUAS, 803MOICHO, CAMY MY MOYKY) U XOMS
Obl 00UH U3 npedenos Gynrkyuu npu x—> xo — 0 (cresa) unu npu x— xo + 0

(cnpasa) pasen beckoneunocmu, m. e.  lim f(X)=couwm lim f(X) = o To-
X—>X0—0 X—>Xo+0

20a npamas X = Xo AGIAEMCA 6ePMUKANLHOU ACUMNIMOMOU epaguxa @yHK-
yuu y = f(x).

BeprukaibHble aCHMITOTEL X = Xg CJIEAYET MCKAaTh B TOYKAX pa3phbiBa
¢byukmuu Y = f(X) niu Ha KoHIAX ee obmactu onpenesenus (; b), ecnu a n
b — koHeuHbIe ynca.

Teopema 18. [lycmv Qpyukyus y = f(x) onpedenena npu 00CcmamoyHo

bonvuux x u cywecmsyem koneunwiii npeden pyuxyuu lim f(x) = b. Tozoa
X—0

npsimast y = b ecmv eopuzonmanvuas acumnmoma epaghuxa gynxyuu y = f(x).

B tom ciyuae, ecim lim f(X) = oo, pyHKIMS MOKET UMETH HAKIOHHYIO
ACUMIITOTY. =

Teopema 19. [lycmo Qyuxyus y = f(x) onpedenrena npu 00CmamoyHo

- f(x .
bonvbuux X U cywecmsayrom Koneunvle npedensvt lim e =k u lim (f(x) —
x—=0 X X—>00

—kx) = b. Toeoa npsaman y=Kkx+b sersemcs naxnonnoii acumnmomou
epapuka @ynxyuu y = f(x).

X
ITpumep 6.4. Haiitn acumnrotsl rpaduka ¢pyukiun f(X) =
X
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Pewenue

OyHKIUS HEONpPEphIBHA BCIOAY KPOME TOUKH X = 1, B KOTOpOUl oHa Tep-
2

IIUT pa3pbiB BTOPOIO pofa, mpuuem lim =oo, OTcroa cieayer, 4ro

x—>1+0 X —1
npamasa x = 1 - BCPTUKaAJIbHAsA aCUMIITOTA, U APYIUuX BEPTHKAJIBHBIX
ACUMIITOT HCT.

HpOBepI/IM, €CTh JIn Y Fpa(bI/IKa q)yHKHI/II/I HaAKJIOHHBIC aCHUMIITOTHI.

. f .
Haxomum k = lim ﬂz lim Lzl.
X—>+0 X x—+0 X —1
2
Otkyma b= lim (f(x)—kx)= lim| ~— —x |= lim —— =0
X—>+00 X—+o| X — x—+0 X —1

Takum oOpaszom, mpsiMasi y = X — HAKJIOHHAS acHUMITOTa Tpaduka
GbyHKIUN IpH X —> +00. AHAJOIMYHO HAXOIHMM, YTO 3Ta MpsiMas SBISETCS
HAKJIOHHOM aCUMIITOTOM U IIPHU X —> —0.

Obwan cxema uccnedoeanus GyHKyuu u HOCMpPoeHus zpaguxa.

Uccnenosanne dynkimu Y = f(X) memecoodpasno BecTd B onpesesieH-
HOW MOCIIEN0BATENBHOCTH:

1. Haiiti o6nacth onpeneneHus pyHKIHU.

2. UccnenoBath PyHKIMIO HA YETHOCTh, HEYETHOCTD U TIEPHOAUYHOCTb.

3. HaiiTi Touku nepecedeHus rpaduka ¢ OCsIMH KOOPIUHAT.

4. Haiitn uHTEpBabl BO3pacTaHus U YObIBaHHsI, SKCTPEMYMBbI (DYHKITHH.

5. Haiftu nnTEpBaibl BRITYKIOCTH U BOTHYTOCTH, TOYKH Tieperuoa.

6. Halitu acuMnToThlI.

7. locTpouts rpaduk GyHKINN.

Y TIOCTPOUTH €€ rpaduK.

Ilpumep 6.5. ViccnenoBath QyHKIHIO Y = 1 X 5

Pewenue

BrInonHuM Bce ceMb onepanuil npeyIoKeHHOM BBIIIE CXEMBI UCCIIE0-
BaHUSI.

1. Oynkmus He onpexaenena npu X = 1 u X = —1. O6macTh onpeneneHus
D(y) dyHKIMH — BCS YHMCIIOBAst OCh 32 UCKITIOYEHHEM Touek X = 1 u X = -1,
T.¢. D(Y)=(—0; —D)uU(-L DUl +x).
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—X

2. Oynkys Y = 5 SABIIETCS HEYETHOM, Tak Kak Y(—X) = ——— =
1-x 1-(=x)
X
== =-Y(x).
1-x2
CrenoBarenbHO, Tpaduk ee CHMMETPUYEH OTHOCHTENIBHO Hayalia Ko-
OpJMHAT.

3. Haiimem Toukn mepecedeHus rpaduka ¢ OCSIMH KOOPIAWMHAT: C OCBIO
OY rpaduk mepecekaercst mpu x = 0, otkyma Y = 0, 1. e. Touka O (0; 0) —
Touka niepeceuenust ¢ ocbio OY. C ockio OX rpaduk nepecekaercs, ecnu y = 0,

T.C. Y= X > =0, otkymax = 0.
1-x

Takum ob6pasom, Touka O (0; 0) — eaMHCTBEHHAS TOYKA MEPECCUCHHS
rpaduka ¢ OCsIMH KOOpJIUHAT.

4. OnpexensieM UHTEPBAJIbI BO3pACTaHUS U YOBIBaHUS (QYHKIIHH.

HaxonuM nepByro npou3BOJHYIO:

!
,_[ X J X=X -x(1-x*) 1-(1-x*)-x-(-2x) _ x*+1
R CE (1-x°)* (1-x°)? 1-x°)
Otmerum, uro Y > 0 B obnactu omnpeaeneHuss U QYHKUIUS SIBISETCS

BO3pacTamoIiel Ha KayKI0OM HHTEpBaJie 00JIaCTH ONPE/ICTICHUSL.
2

T 5.9 7
(1-x?)?
THYECKHUMH TOYKAMH SIBISIIOTCS TOUKH X1 = 1 1 X; = —1 (Y’ He cyiiecTByer),
HO OHU HE MpHUHAJIeKAT 001acTH omnpeseneHus PyHKIHA. DKCTPEMYMOB
(bYHKIUS HE IMEeT.

5. Uccneayem GyHKIMIO HA BRITYKIOCTh. Haxoaum Yy

HccnenyeM GyHKIMIO HA 9KcTpeMyM. Tak kak Yy’ = TO KpH-

. [ X+l I (D)X - (X +) (- %))
@-x°) @-x)* B
_ 2x-(1-x2)2 = (x* +1)-2-(1—x*) - (=2x) _ 2x-(x*+3)

@-x*)* 1-x*)*

Bropas npon3BoiHas paBHA HYJIIO WU HE CYIIECTBYET B TOUKax x; = 0,
X, ==1, X3 =1. Ha pucynke 18 npexncrapiena cxema W3MEHEHHUS 3HAKOB
BTOPOH MPOU3BOTHON HCCIIeyeMON QYHKITHH.
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y"(X) ?I/_\a/;\‘l/_—\ ;X

Pucynoxk 18

Touka O(0; 0) sBisieTcst TOUKO# mepernba rpaduka GyHKINH.
I'pacduk BeITyKITEII BBepX Ha mHTEepBanax (—1; 0) u (1; +oo), BBITYKITBINA
BHM3 Ha mHTEpBanax (—o; —1) u (0; 1).

6. IIpsimbie X = 1 U X = —1 ABIAIOTCS BEPTHKAJIBHBIMH aCHMIITOTAMH,
2 X2
Tak kak lim 5 =0 1 lim 5 =0,
Xx—1+01 — X x—>-1401 — X

BriacHuM Hannune HAaKJIOHHOM aCUMIITOTHI:

X
2
k=lim1=x" _jim 1o,
X—=0 X x>0 1 — X
b= lim| ———0-x | = lim—— =0,
X—>00 1—X2 anol_Xz

CrenoBaresbHO, €CTh TOPU3OHTANIbHASL ACUMIITOTA, e¢ ypaBHeHue Y = 0.
[Ipsimas y = 0 siBiIsIeTCSl aCUMIOTOTOM U IPU X — +00, U IIPU X —> —0.

7. I'paduk dhyHKIMM y = 1 ol > M300pakeH Ha puCyHKe 19.

vA

12

"y

-1

o
iy g
A

PucyHnoxk 19
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Tecmot
BribepuTe npaBHIBHEIN OTBET.

Tecm 6.1. Ecm y = f(X) u y=¢(X) — muddepeHumpyembie 6eckoHEeY-
HO MaJjible MM OECKOHEYHO Oombinre (GpyHKINU Mpu X —> &, TO IMEET Me-
CTO paBeHCTBO (TipaBmiIo JlomuTas):

1) lim1 ¥ _jjm €O .
X—a (p()() X—a f’(x)
2) tim T i T
X—a (p()() ) (X)
3) lim 1) _ jjim £ ™).
o2 o(x) o ¢'(x)
2) tim 09 _ jim 100
X—a (p()() x=a (X)
5) lim—*) _ im e
o2 o(x) o ¢'(x)

Tecm 6.2. Eciiu B HEKOTOPOM IMPOMEXYTKE MPOU3BOJIHAS JAHHOM
byukmuu Yy = f(X) momoxwurensha, T.e. f'(X)>0, To GyHKIHS B 3TOM

POMEIKYTKE:
1) Bo3pacraer;
2) IMeeT MaKCUMYM;
3) yObiBaer;
4) oCTOsHHA;
5) uMeeT MUHHMYM.

Tecm 6.3. Kpusas y = f(X) Bblmykiia BBEpX Ha HHTEpBaje (a; b), eciu
BO BCEX TOYKAX ITOTO HHTEPBAJIa BHIMOIHSICTCS COOTHOIICHHUE:

1) f"(x)>0;

2) T(x)>0;

3) f"(X)=0;

4) f'(x)>0;

5) f"(x) <O0.
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Tecm 6.4. Touka c abcuuccoit X = Xg kpuBoit y = f(X) OynmeT Toukoi
neperuba, ecmu f"(xo)=0 mmm f"(Xy) He cymecTByeT W BBHITOIHACTCS

yCJIOBHE:
1) f'(x) mpu mepexoe uepe3 TOUKY X = Xo MEHSET 3HaK;

2) f'(%)<0;
3) f'(%)=0;
4) mpu nepexojie Yepe3 TOUKy x = xo npousBonHas f"(X) MeHseT 3HaK;
5) f'(x)>0.

Tecm 6.5. BeprukanbHoil acuMnToTo# rpaduka QyHKIMH Y = 32>X +i
X—
ABJISETCS MIPSIMAs:
1) y=2x-1,
2) y=3x+4;
3) y=x-1,
4) x=1;
1

5) x=—.

) 2

Tema 7. TEOMETPHUYECKHWI CMbICJI IBOMHOI'O
HUHTEI'PAJIA

Ecmu nonoxuts f (X, y) =1 Bcrogy B obnactu P, TO MOJIy4YUM BbIpa-

JKEHHE TUTOMIaIu 001acTH P B BUJE JBOMHOTO MHTErpaga P = H dxdy.
(P)
JlelicTBUTEIBHO, HEMTOCPEICTBEHHO M3 ONPEICIICHHs HHTErpaia Ciey-
n
€T, 4YTO J. dxdy= “le-Pi = “mP:P.
1) 1—0i=1 2—0

CootBetcrBytomue 3ananus ¢pyukimii (X, y) IpUBOAAT K BbIYHCIIE-

HUIO JIBOWHOTO WHTErpayia, 3HAUCHHS BEJIUYMH U CMBICI KOTOPBIX pac-

CMOTpPEHBI HIDKE.
Amnanoruuno 3afanne Gyakmun f (X, Y, 2) =1 OpUBOIUT K BhIpAKEHHIO
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o0wvema obmacTtu V B Buje TpoitHOTO MHTErpana V = J.J] dxdydz
V)

DTO U €CTh TEOMETPUYCCKHIA CMBICI TPOHHOrO MHTErpajia. Hekoropeie
3aganus GyHknuu (X, Y, Z) TpPUBOIAT K BBIYMCICHUIO TPOHHBIX WHTE-
TPaJOB, CMBICI KOTOPBIX pacCMaTpPHUBAETCS HUXKE.

Boiuucnenue nnowjaoeii npu nomowsu 060IHBIX UHMEZPAIOB.

[Inomanp miocko#t ¢urypsl, orpanndeHHoi obmacteio D, Haxomutcs
o opmyie

S= ” dxdy.
D

Ecmu obnacte D onpenenena, nanpumep, HepaBeHcTBamu a<X<b,

b ®2
(X)) <y<@a(x), 10 S= J.de.dy (pucynok 20).

a ¢
Ecnu o6nacte D B MONsIpHBIX KOOpAWHATAX OMNpejielieHa HepaBeHCTBA-
B fale)
v a<0<B, fi(p)<r<fr(¢p), 0 S :ﬂpdp:jd(p jrdr.
D O]
y
T 92(X)
D
®1(%)
0 a b X
PucyHnoxk 20

3ameuanue. 1lpn BBIYUCIEHUH BOMHBIX MHTErPAJIOB MEPEXO OT Mps-
MOYTOJIBHBIX KOOPJIWHAT K TOJSIPHBIM 3()(EKTHUBEH, €CIH BBIMOJIHSIIOTCS
CIIEIYIOIINE YCIOBHSA:
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1. OGnacTb MHTETPUPOBAHUS €CTH KPYT MU CEKTOP.
2. HoawIHTerpanbHas QYHKIMS CONEPAKHUT BEIpaXKeHHe X~ + Y2 (TIpu me-

pexojie K HONAPHEIM KoOpauHaTaM X° + y° =r?).

Ilpumep 7.1. BorauciuTh miiomangs QUIYphl, OTPaHUYEHHON JTMHUSIMA
X=4y—vy% X+y=6.

Pewenue
Haiinem xoopauHaThl TOYEK MEPECEUEHUs 3aJlaHHBIX JIMHUM, pelias
CHUCTEMY YpaBHEHUN

x=4y-y?,
X+Yy=6.

B pesyabrare nonyuum A4(3; 3), B(4; 2) (pucynok 21).
TakuMm o6pa3omM, IIOMAAb paBHA

Pucynok 21
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Ilpumep 7.2. Haiitu nmomans Gurypsl, orpaHHYeHHON OJHOM meTiei
KPUBOI (x2 +y? )2= 2a’xy (x>0,y>0,a=const>0).

Pewenue
[Tepeiinem K MONSPHBIM KOOPJUHATAM, T. €. IPUMEHUM (POPMYJIBL:
X = I COSo,
y =rsing;
X2 +y?=r2

Honyunm: r* =2a%r?cosesin g < r? =a?sin 2p = r =a,/sin 2¢.
Oto emnuckama bBeprynniu. HaiineMm momans GUrypsl, orpaHHYEeHHON
OJTHO¥ ee meTneit (prucyHok 22):

2 abkin 2
_ _ _ r=aysin2¢ _ 1t 20 o
S_g dxdy_!’ do !rdr_!: d(pr:0 _Zla sin2¢-do =
_TC a2
=——a?cos2¢|? T o ==
0=0 2

y »+ I = a4/sin2¢

Pucynok 22

Buiuucnenue niowadu noéepxnocmu ¢ ROMOWibI0 060UHO20 UHM e-
2pana.

Yamie Bcero Iwiomaab IOBEPXHOCTH OLPEIEIISIOT Ul Kiacca KyCOYHO
IUIJIKKX TIOBEPXHOCTEH C KyCOYHO TNaJkuM KpaeM (winu 6e3 kpast). OObIu-
HO 3TO JIENIA0T C TIOMOILBIO CIEAYIOIIeH KOHCTpyKIuH. [loBepXHOCTD pa3-
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OMBAIOT Ha MEJIKHE YacCTH C KyCOYHO INIaJKMMH paHULAMHU: B KaXIOU
YacTu BBIOMPAIOT TOUKY, B KOTOPOH CYIIECTBYET KacaTesbHas MJIOCKOCTb,
Y OPTOTOHAIBHO MPOEKTHPYIOT PACCMATPUBAEMYIO YacTh Ha KacaTelbHYIO
TUIOCKOCTh TIOBEPXHOCTU B BBIOpaHHOW Touke. [lmomans momaydyeHHBIX
IUIOCKUX NPOEKIUH CYMMHPYIOT M, HAaKOHEL, MEePexoIsiT K IpeAeiy IpH
Bce OoJiee MENKHX Pa30MeHMIX (TaKWX, YTO HAUOOJBINHMN U3 THAMETPOB
yacTeil pa3OMeHust CTPEMUTCS K HYJIIO).

Ecnu nmoBepxHOCTh G 3amana ypaBHenuem z = f(x; y), rne M(x; y) € D
(pucyHok 23), TO TIOLIa b MOBEPXHOCTH G BBIYHCISIETCS 10 (popMmyIie

5(0) = [[ Y1+ (£ (c )P +(f'y (x;y) - dxay. (7.2)
D

A

Pucynoxk 23

Ilpumep 7.3. HailTu miomanp MOBEPXHOCTH KPYroBOro IMIMHIpA
2

x? +2z2 =a? , BEIpe3aeMol mapaboIMIecKUM [ITHHIPOM y2 =a“ —ax
Pewenue:
OO0pa3syromnpe OWIHHIPHYECKOW ITOBEPXHOCTH X +z22=a’l=z=
[L2 2
=+va“ —X* mapaimensubl ocu OY. M3 mocneaHero ypaBHEHHUsS CIEAYET,

yro —a<X<a. MckoMas MOBEpXHOCTh G MPOCHHUPYETCA Ha IIOCKOCTh
XOY B obnacts D, orpannueHHy0 NpsMbIMH X = —8, X = @ ¥ 1napadooi
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y? =a’—ax=y? =—a(x—a) c sepmmHoii B Touke V(a; 0) U BeTBAMH,
HaIpaBIIEHHBIMH BJI€BO (pHCYHOK 24). [Ipndem m3-3a 3HaKa «t» B ypaBHE-
HHUU TIOBEPXHOCTH B 3Ty 00JIaCTh OHA MPOSUpPYETCsl ABAKABI (CBEPXY M CHH-
3y). Cama MOBEPXHOCTh CUMMETPHYHA OTHOCHTENHHO TockocTn ZOX, To-
ATOMY JOCTaTOYHO POMHTETPUPOBATH 1O BepxHei monoBuHe D; obmactu D
Y YMHOXUTH Ha 4:

5(0) = 2[[ Y1+ (F (6 y) +(fy () - dxdy=

= af[ VL (1 ey F o+ Gy oy

rmez=+va?—x°, a obmacts D; orpannyeHa npsaMeivu Y = 0, X = —a u ma-

pabomoii y =+a’—ax.

X
D y

Pucynok 24

Haiinem 7'y, 7'y

7' = (\/az —x° )'X: _* .

a?-x?
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2
. 1 \2 v \2 X = a
Zy—0:>\/1+(2x) +(z'y) —\/:Hazi_xz_\/az_xz'

Torma uromanb MOBEPXHOCTH G paBHA:

a~—ax

0):4£{ﬁdxdy:4£dx _[ 2 _qy-

o vai-x°

dx X=a
=4a dx 4a+/a =8a+va-+JXx+a =
I J-\/x+a X=-

—8ava -/2a =82a%.

VYkazannas Beimie ¢opmyna (7.1) mis BEIYKCICHHS TUTOMAAN TOBEPX-
HOCTH TeJa B MPOCTPAHCTBE NMPUMEHNMA, KOTJa MOBEPXHOCTH WM TEJO
MpOEIUpyeTcs He TONBKO Ha KoopauHaTHYIO rmiockocTs XOY, Ho u XOZ
i YOZ.

Hamnpumep, eciu moBEepXHOCTh G 3aqaHa ypaBHenueM Y = f(X; z), rme
M(x; z) € D < XOZ, To mio1ma s MOBEPXHOCTH ¢ BEIYUCIICTCS 110 (hopMyITe

S(o) = ﬂ \/1+(f LGy +(FL(xy))- dxdz

PrcyHOK B 3TOM CiTy4ae MOXKHO pa3BepHYTb, HAIPaBUB ISl HATJISIHO-
cti ocb OY BepTHKaIBHO BBEPX (PUCYHOK 25).

64



Pucynok 25

Hpumep 7.4. Haiitn miomans MOBEpXHOCTH 0. X+ Y2 +2°=9, x>0,
y=>0.

Pewenue
JlaHHass TIOBEpPXHOCTh TpENCTaBIsieT cOOOW dYacTh mapabosonna

X+y2+22=9=x=9—-y? — 7° (CUMMETPHUYHOIO OTHOCHTEILHO oc OX),
orpanundeHHoro miockoctsMu X = 0 u y = 0. I[loatomy oce OX ymobHO

HAlpaBUTh BEPTHKAIBLHO BBEPX (PHCYHOK 26). JluHuMs mepeceueHus mapa-
2 2
0omouaa ¢ IOCKOCThIO X = 0 eCTh OKPYXKHOCTh )~ + Z° = 9, a mpoekius

TOBEPXHOCTH G Ha mIockocTs YOZ — monykpyr D: y?+22<9,y>0 (pu-

CyHOK 27).
Haiinem Xy, X;:

X, =-2Y, X; =-22= \/1+ (X)) + (%)% = \/1+ 4y? +47%,
CHCZ[OBaTeJ‘IBHO, iomaab MMOBEPXHOCTHU G paBHA!

S(c) =ﬂ,/1+(x'y)2 +(x;)2dydz:_”1/1+ 4y? + 4z%dydz
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Pucynok 26 Pucynok 27

Brruncimm sToT HUHTErpajl B NOJIAPHBIX KOOpAWHATAX!

y =rcose,
z=rsing;
y>+2° =12,

ITonyuum:

R
S(o) = [do[Vi+4r® .rdr=
m 0

2

t=1+4r> = dt=8rdr |_
r=0=t=1r=3=t=37

QI\/—dtz—nstz

(37J_ 1)

114
8 -

ch_.,\,\;;

Buiuucnenue 00vemo6 men npu nomouiu 0601H020 uHmMezpana.
IlycTp Teno orpaHMYeHO CHU3Y IUIOCKOCThIO XY, CBEpXy — MOBEpX-

HOCTBIO Z = f(X; ¥), a ¢ OOKOB — MMIUHAPUIECKOHN MOBEPXHOCTHIO (PH-
CYHOK 28).

Takoe Teo Ha3bIBACTCS YUTUHOPOUOOM.




Pucynok 28

O0beM MUIHHAPA BEIYUCIAETCS TI0 (hopMyTie

V= ﬂ f(x;y)dxdy = Tyff(x y) dxdy.

X Y1

Hpumep 7.5. BBIYHCITHTL 0OBEM, OFPAHHYEHHBIH MOBEPXHOCTSIMH X° +

+y?=1,X+Yy+2z=23 umwiockoctsio XOY.

Pewenue
Ilpenenst uHTerpupoBanus 1o ocu OX OyAyT CIEIYIOIIHMHU:

yi=—V1-x%, yo =v1-x?; 1o ocut OY —x; =1, X, = 1.

Berunciaum o0beMm:

1 V1x
V= J. (3—x—y)dydx=3r.
A1

Buvtuucnenue 06vemos men ¢ nomMowblo mpoiHo2o uHmMe2paa.
Ecim oBepXHOCTH Tejia onuchiBaeTcs ypaBuenueM f(X, Yy, 2) = 0, To 00b-

€M Tejla B ICKapTOBBIX KOOPUHATAX MOXKET ObITh HalJICH 110 GopmyIie
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V= Jﬂ dxdydz:T Tszdydx= ﬂ dxdyzf f(x;y;2)dz
U D 24}

X1

Ipu stoM 2y = @y (X; ) U Zp = @2(X; y) — QYHKIMU OT X U ) WK TIOCTO-
SIHHBIE, V1 U ¥, — QYHKIUH OT X WU IIOCTOSIHHBIE, X1 M X; — IOCTOSHHbIE
(pucynok 29).

N
e Y

Pucynoxk 29

o

B nmiMHAPHYIECKUX KOOPIMHATAX 00BEM Tejla PaBeH:
V= J..U p-dpdedz.
U
B chepruecknx KoopAMHATAX HCIONB3YETCs ClieaytomIas Gpopmya:

V= j H abcp?sin - dpdedo.
U

Ilpumep 7.6. Haiitn oObeM TeTpadapa, OTPaHUIECHHOTO TIOCKOCTIMH
X+y+z=5x=0,y=0,z=0.

Pewenue

YpaBHEeHHE MIIOCKOCTH X + Y + Z = 5 MOXHO MepenucaTs B BUAE Z = 5 —
—-X-Y.

Ecnn monoxuts 2 = 0, To mosryanm 5 —X -y =0wmmy = 5 —X.

CrnenoBatenbHo, 00acTh naTerpupoBanus D B mtockoctu OXY orpa-
HUYEHA IpAMOil Y = 5 — X, KaK noka3aHo Ha pucyHke 30.
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Pucynox 30

O0beM TeTpadipa OyJeT paBeH:

V= .mdxdydz Idxsj.dy5 ].ciz ffdxjdy[(z)

x—y}_
5 |-
:.([dxl(S—x—y)dyz.([dx{ 5y—xy—y? y;i }_

=j;(5(5—x)—x(5—x)—(5_2X)2J=%i(25—10x+x )dx_%5

Ipumep 7.7. Haiiti 06beM Terna, orpaHideHHoro cdepoii X° +y> +2° = 6
¥ T1apaboIoua0M X2 + y2 =7.

Pewenue
OmpenenuM cHavaja JUHUIO TiepeceueHus moBepxHocrei. [loacrasisis
ypaBHeHUe mapaboiionia B ypaBHeHHE chepbl, HAXOUM:

z+2% =86,
nJin
22+7-6=0=27=2,2,=-3.

Bropoii kopeHb Z, = —3 COOTBETCTBYET nepeceueHuIo chepbl ¢ HKHER
MOJIOCTBIO Napabononaa. DTOT ciay4ail Mbl HE paccMaTpuBaeM. Takum 00-
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pasoMm, mepeceuecHue Te MPOUCXOANT TpH Z; = 2. OYeBHUIHO, YTO MPOCK-
sl 00JIACTH WHTETpHpOBaHus Ha miockocth OXY uMmeeT BUJ OKPYKHO-
CTH, 3a[aHHOIT ypaBHeHHeM X + Yy = 2,

Y & 7 &

Pucynok 31

CBepxy 005acTh MHTETPUPOBAHHS OrpaHHyeHa cheprudeckoil moBepx-
HOCTBIO, a CHH3Y — napabononnom (pucyHok 31). O0sem maHHOM oOmacTn
BBIPAXKACTCSl HHTETPAJIOM

Vz_mdxdydz= Idx Idy Idz.
u 2

0 x2+y2
[lepeitaem K NWIMHAPUYECKUM KOOPAUHATAM:
b V2 \/6*92
V= J.d(pJ‘pdp jdz :
0o 0 p?
e p°= X2 + y° i HHTerpa BKIIOYACT SKOOHAH p.
TTonyuum:
v 6-p* 2n V2
(2)

2 2
V:J.d(pj.pdp J.dz:J.d(pjpdp
0 0 02 0o 0

p
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Idcpj ( 6—p° — )dp=2nfp(ﬂ—pzjdp=

V2

=n£ (W—pz)dpz-

Bamennm p° = t. 3xeck t = 0 mpu p = 0 1, COOTBETCTBEHHO, t = 2 mpu
p=+2.

Beraucinm 00beM Tena:
V2 2 of 3 3
x| (1/6—p2 —pz)dpz =nj(\/6—t —t)dtzr{—g[ﬂ —62]—2}
0 0
L&/E—ll}
=2n| — |.
3
2 y2

z
Ilpumep 7.8. Boraucauts 06beM sruurconsa — + oF +— =1
a C

Pewenue
O0beM DIUIMIICOUAa YIOOHO BBIUMCIIHMTB, HCIONB3Ys OOOOIICHHBIC
chepruecKre KOOPIUHATHI, HATPUMEP

X =apcosesin O,
y =bpsin ¢sin 6,
Z=Cpcoso.
[MTockonbky MOayIb sikoOMaHa Mpu TpaHC(HOPMAaIIUHU IEKapTOBBIX KOOP-
JUHAT B 0000IIEHHbBIE chepruuecKrue KOOPAWHATHI pPaBeH | I | = abcp?sin @,
To dxdydz= abcp? sin 0dpdepdo.

O0BeM ITTUTICONIA BRIPAXKAETCS Yepe3 TPOUHON MHTETPaT:
V= ﬂ j dxdydz= j j j abcp? sin 0- dpdepde.
U U

B cuny cummerpum smidriconaa Mbl HaigeMm oOwvem 1/8 ero wacrw,
pacronioxeHHoH B iepBoM oktanTe (X >0,y > 0, Z > 0), 1 3aTeM yMHOKUM
pesynbraT Ha 8. [Ipu aToM 06001IeHHBIE cheprueckre KOOPIUHATHL OYIyT
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T

n3MeHAThes B peaenax 0<p <1 0<op< X OSGSg.

Hrak, 00beM 3JUTHIICON A PABEH:

™ ™

V= jj j abcp?sin 0- dpdedd = 8abcfd(pjp2dpisin 0do =
] 0 0 0

g 1 - g L
LY 0 0 0 2
g 1 g 3 g -
=8abCId$jp2dp-l=8abcId@ P ‘1 =8abc.|-d(p=8{;1bc (0)7 |
0 0 0 3 0 3 0 3 O
=ﬂnabc

Tecmui

BriOepuTe npaBUIIBHBIA OTBET.

Tecm 7.1. Tlycts z = f(X;y) — HempepbIBHAsI MOJOKUTEIbHAS (DYHK-

nuss B o0Omactu D={(X, y)‘x2+y2 Sl}. Toraa naBOMHOW WHTErpal

J.I f (x;y)dxdy pasen:
D
1) £(0;0); 2) 0;
3) f(Xo;Yo), rme Mo(Xo;Yo) — HekoTOpas Touka kpyra D;

4) tf(Xo;Yo), tme Mo(Xo;Yo) — HekoTopas Touka kpyra D.

Tecm 7.2. ®opmyna s BEIUUCICHUS TUIOIAAN, OTPAHHYCHHON JIH-

HUAMH XYy =4, Y =X, X=4, umeer BUI:
4 4
1) S=|dy|dx;
o
X
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2) S= }dyidx;
2

3) S= jd

x“g._,x x\

4) 'S =jdyj4dx.
102

X

Tecm 7.3. Ecnu OBEpXHOCTD Telia OMHChIBacTCs ypapHenueM f(X; y; z) = 0,
TO 00bEM Tesla B AEKAPTOBBIX KOOPJAMHATAX MOKET ObITh HalieH 1o ¢op-
MyJie:
X2 Y2
1)V = jj f (x;y)dxdy= an(x y)dxdy;
X1 Y1
X2 Y2
2)V = H f(x;y)dxdy = ”f(x y) dxdy;
X1 Y1
X2 Y2173
3V = j”dzdydx ﬁdxdyjf(x y:2)dz;
X1 Y121
X2 Y2173
4V = j”dzdydx ﬂdxdyjnf(x y; z2)dz.

X1 Y121

Tema 8. IMOOPEPEHIIMAJIBHBIE YPABHEHUSA
HEPBOI'O ITIOPAIKA

8.1. IlonsaTHe 0 N PepeHINATHEHOM YPABHEHUHT

Onpeoenenue 8.1. OObIKHOBEHHBIM OuU@@epeHyuanvibim ypasHeHuem
Ha3bIBaeTCs YpaBHEHHE, CBSA3BIBAIOLICE HE3aBUCHMYIO TIEPEMEHHYIO, HEH3-
BECTHYIO (DYHKIHMIO 3TOW MEPEMEHHON U €€ IMPOU3BOAHBIEC PA3IMYHBIX I10-
PSIKOB.

Tlopsiokom OOBIKHOBEHHOTO UG HEPEHIINATEHOTO YPAaBHEHUST HA3bIBa-
eTcsl OPSIIOK cTapliel IPOU3BOIHON, coaepsKalleiics B HEM.
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B obmem Bune muddepeHnmaabHoe ypaBHEHHE 7-TO MOPSIKa UMEeT
CIEAYOINN BUL:

FOX,y, Y,y ...,y =0.

Hanpumep, y" +y' —y—x=0; y"+2y -3y=0.

Pemennem nuddepeHnnanbHOro ypaBHeHUsT Ha3bIBaeTCs BCsKast QyHK-
nus Y = f(X) npu moncTaHOBKE KOTOPOH B ypaBHEHHE OHO OOpaiiaeTcs B
ToxaecTBo. [Iporecc HaxokaeHNS perieHns U GepeHInaTEHOTO ypaBHe-
HUS Ha3BIBACTCSI €TO UHMe2puposanuem, a TpauiK pereHus] — HHTETpalb-
HOH KPUBOM.

Hanpumep, nauo ypassenue y' —3x° = 0, y' = 3x%.

Pemrenne audQepeHuaTbHOro ypaBHeH:s — y = x° + ¢.

O6muM pemerreM IUQQPEPEeHITUATEHOTO YPaBHEHUS #-TO TMOPSIKa
Ha3bIBACTCA €TI0 PCIICHUC, BBIPAKCHHOC ABHO OTHOCUTCIBHO HEU3BECTHOM
(byHKIMEH U coepKallee 7 He3aBUCHMBIX MPOU3BOJILHBIX MTOCTOSHHBIX:

y=0(x, ¢, o ..y ).

O60muM wHTErpanoM audGepeHInaAIbHOTO ypaBHEHUS 7-TO TIOpsAKa
Ha3bIBACTCS €T0 PEIICHHE, BRIPAKEHHOE B BHJIE HESIBHOW (YHKIINH.

YacTtHbIM penieHneM auddepeHuansHoro ypaBHeHUsT Ha3bIBAeTCs Ta-
KO€ €ro p€ucHuc, B KOTOPOM IIPOU3BOJIbHBIM IMOCTOAHHBIM IMPUJaHbI KOH-
KPETHBIEC YHCIIOBBIC 3HAYCHHS.

B oOmem Bune auddepeHnmansHoe ypaBHEHHE TIEPBOTo MOpsIKa 3a-
nuceiBaercs tak: F(x, Yy, y') = 0.

Ecnu 3T0 ypaBHEHHE MOXKHO pa3pelInTh OTHOCHTENBHO Y, TO OHO 3a-
MHIIETCS CJIETYIONNM 00pa3zoM:

y =1(x, y). (8.1)
Ero obuiee pemenune — y = y(x, ¢), rie ¢ — MOCTOSHHAS.
dy _
X
f(x, y)dx —dy = 0. YMHOXHB 00€ 4acTH MOCJIEHEr0 PABEHCTBA HA HEKO-
topyto ¢yukimio N(X, Yy), mpeobpasyeM ero K CHMMETPHUYHOMY BHIY:
M(X, y)dx — N(x, y)dy = 0.

B momyuyeHHOM ypaBHEHHHU NEPEMEHHBIE X U ) SBISIOTCS paBHOIIPAB-
HBIMU. DTHM YacTO TOJNB3YIOTCS NpH pemeHnd auddepeHuanbHpIx ypas-
HEHU.

Ecnu paccmarpuBate auddepenuuansHoe ypaBHeHue Buzaa (8.1) u
0003HAYNTH Yepe3 0 Yrod MeXIy KacaTelbHOM K MHTErpajJbHONW KPHUBOMH
y = y(x) B Touke (X, y) ¥ MOJOXKHUTENbHBIM HarpasiaeHueM ocu OX, To,

f(xy), mm

YpaBuenue (8.1) MOXHO mepenucaTb B BHIE
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NpUHUMas BO BHHMaHHe, uto tga = Y', a Yy’ = f(X, ), MbI momyunm tga =
f(X, v), Tak 4TO HampaBiieHHE KAaCATEIbHBIX K HHTETPAIBHBIM KPUBBIM 3a-
JIAeTCSl CAMUM YPABHCHHEM.

IIposens B kaxmoii Touke (x, y) u3 D(f(X, Y)) orpesok (mus onpenenen-
HOCTH) €JMHUYHOI JUTMHBI C IICHTPOM B 3TOH TOUYKE, 00pa3yroLHid C Io-
JIOXKHUTENBbHBIM HamparieHueM ocu OX yron a, rae tga = f(X, y), monyuum
TaK Ha3bIBAEMOE IT0JIC HATIPABJICHHIA.

3adauu, npueooawue K ougpepeHyuanrbHvIM YypaeHEeHUAM.

3adaua o pacnade paous. VI3BecTHO, UTO CKOPOCTh pacmaga pagus
MPOTOPIMOHATIFHA €r0 HATMYHOMY Konu4decTBy. HeoOxomumo HaliTh 3a-
KOH pacrajia pajaus, eClid M3BECTHO €ro MEepBOHAYAIBHOE KOIUYECTBO H
nepuoa nosypacnana 7. O603HauuM yepe3 R KoIM4YecTBO paausi B MOMEHT
BpeMeHH t, a uepe3 Ry — nepBoHavanbHOE KOIUYECTBO paaus. Torma cko-

drR
pOCTh pacmaja paBHa T Ona oTpumarenpHa, Tak Kak R ecTs yObIBaro-
dR
miast pyHkmus ot t. CoryiacHO YCIIOBHIO 3aa4u ot = —kR, rae kK — Hexoro-

dR
poe mosokuTeIbHOE Yrcio. OTcoaa " =—kdt. UnTterpupys, moixydum

_kt o

InR = —kt + In|c4|. TTosToMy R = ce ™ (¢ = |cy|). Hatinem ¢ u k. lnst onpeme-
JIEHUsI ¢ BOCIIOJIb3yeMCsl YCIIOBHEM, 4TO 1pH t, paBHOM HyIti0, R = Ry. 3Ha-
ant, ¢ = Ry 1 R = Ree ™. Jlnst ompenenenns K Bocmonms3yemcst ycioBuem,

yro npu t = 7, Rz%.Torna

1R0=Roe"<T; e =1; —szlnlz—InZ; k:ln—z.
2 2 2 T

_In2,
Urak, R=Rye T .
8.2. Hemoanblie qudepeHnaibHbie YypaBHEHHs EPBOT0 MOPSIKA
JuddepennmaibHoe ypaBHEHHE MIEPBOTO TMOPSIKA HA3bIBACTCS HENoJ-

HbIM, €CIIA B HEM HE CONEP)KUTCS SBHO WM (DYHKIUS, WM HE3aBUCUMAs
nepeMeHHas. B ToMm ciydae, korja npaBast 9acTh ypaBHeHu (8.1) He 3aBH-
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CHUT OT (bYHKLII/II/I Y, OHO UMCCT BU

dy

— = f(x),

™ (x)
500051

dy = f(x)dx.

OT1crofa mosyyaem, uto Yy = j f (x)dx. 3Hauur, perrenue auddepeH-

[IUATEHOTO YPaBHEHUS CBEJIOCh K HAXOXKJICHUIO MEPBOOOPA3HON (DYHKITUH
s f(x).
Ecnu mpaBas gacTts ypaBHeHU (8.1) He CONEpKUT HE3aBUCUMOM Tiepe-

dy

y dy
MEHHOM X, TO OHO UMEET BH]] ™ = f(y),um x= I
X

HO)

Ilpumep 8.1.Peminth ypaBHEeHUE ﬂ =y2

Pewenue

dx—dy'

e
ij.%:_[y‘zdyz—%H.

Honyuum: y = 1 .
C—X

8.3. Ilndpepennuanbubie ypaBHeHUs
¢ pa3aeNsIoNUMHCS NepeMeHHbIMHU

JuddepennmanpHoe ypaBHEHHE HAa3bIBACTCS YPAaBHEHHEM C pa3/Ielsio-
HIMMHCA IEPEMEHHBIMH, €CIIH OHO UMEET BHUJ

fL ()2 (y)dx+ f2(X)@1(y)dy =0,
rae f;1(X) u fo(X) — byHKIMY epeMeHHoi x;
01(v), ©2(v) — GyHKIMHU IEPEMEHHOI ).

DTO ypaBHEHUE CBOJUTCS K CIEIYIOIIEMY BUITY:
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fl(X) dx_ (Pl(y) dy

f2(x) e2(y)
IToaTomy J‘MdX:— Mdy.
f2(x) P2(y)

Ilpumep 8.2. Peiuth ypaBHEHHUS:

a) Xy/1—y?dx+ yv1—x?dy=0;6) ex’ydx—ldyzo.
X

Pewenue

xdx ydy .

1. =Cy;

J.\/l_ X2 +-|.\/1_ y2 1
—V1-x* —y1-y? =¢, wm V1-x? +41-y? =c.

2. e—dx—ldyzo;
eY X

e*-xdx—e’dy=0;
jex -xdx—jeydyzc;

xe¥ —e*—e¥ =c.

8.4. OnHoponanslie MuddepeHInaNbHbIC YPABHEHUS
NMepBOro MopsaAKa

Onpeodenenue 8.2. Oyuxuus f(X, y) Ha3pIBaeTCs OMHOPOIHOW (PYHK-
et K-i cremenwn, ecnu st 1r000ro t BeImosHsieTest paBeHcTBo f(tX, ty) =
= t(x, y). Ecii ogHOpO/HAst yHKIS MMEET HyJIeBYIO CTeneHs, To f(tX, ty) =
= 1% (x, y) = f(x, y).

Ipeonoxcenue. OTHOIICHUE JBYX OJHOPOAHBIX (DYHKIUN OTUHAKOBBIX
CTeMeHei ecTh OIHOPOAHAs HYHKIIHS HYJICBOI CTEIICHU.

> Iycts T(X, ¥) u @(x, y) — onHOpoaHbIe GyHKIMK K-if cTenenu. Pac-
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_ () _fty) |t y) _
MOTPIN W 6 )= gy TR VT ) T etk )
:M :W(Xv y) g
o(x, y)

HNuddepennmanbiaoe ypaBHeHHe mepBoro mopsaka M(X, y)dx +
+ N(X, y)dy = 0 massBaeTcs oonopoousim, eciia M(X, y) u N(X, ¥) — omHo-
poaHble QYHKIIUKM OJJHOM U TOM e CTeNeHu. PelmM 1aHHOe ypaBHEHHE,

dy  M(xy) dy _ _—M(xy)
i —N(x,y)’ WIn ™ f(x,y), roe f(X, y) —N(x,y)

Has (DyHKIUS HYJIEBOH CTENICHHM COIJIACHO MPEAJIOKCHHIO. 3HAYUT, TPHU

t=l uMeeM f(é,lJ: f(x,y):F(lj_
X X X X

Takum obpasom, ¢yukius f(X, y) nmpeacrapiena B Bume QyHKIHH OT
dy

— OJHOPOA-

X. O603HaYUM BAS z. Orcioma y = zx. Torma =2'X+2. A 3Haywr,
X X

F(z) = z'x+z. Otcrona x% =F(2) -z uxdz = (F(z) — 2)dX — ypaBHeHue
X

C pa3aciIIoImMHUC MIEPEMEHHBIMU.

Ipumep 8.3. Pennts ypasuenne (xy + y°)dx —x°dy = 0.

Pewenue

dy xy+y? S

d—yzy—zy. Cnenaem monctaHoBKy y = zx. Otcroma y' = 2'x + Z.
X X

X’z+(x)? dz
S22 x4z=

% . ! —_—
YpaBHeHHe NPUMET CICAYIOIIWU BUA. ZX+Z= Xz y dx

=7+72°; XEZZZ; d—fzg; —E:In|x|+ln|c|; —1=In|cx|.
dx z X z z
X

3ameHsis Z Ha X, HOJTYIHM: X |n|CX| ny=———.
X In|cx|

8.5. JInneiinbie nuddepeHnaNbHbIC YPABHEHHUS NEPBOT0 MOPSAIKA
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JuddepennmansHoe ypaBHeHHE N-TO TOPSIIKA HA3bIBACTCS JIUHEHbIM,
€CJIH OHO UMEEeT BUJ]

y® +2,0)y" P +. 4 an 2 ()Y +ana ()Y +an ()y = F(X) .

PaccmoTpum nuHeliHoe nudepeHInanbHOe ypaBHEHHUE MEPBOrO I10-
psaka

V' = ai(x)y =£(x), (8.2)
rae ay(x) u f(X) — HermpepbiBHBIE QyHKITUH.

PemuM nanHOe ypaBHeHue. IIpeacTaBuM periieHde ypaBHeHHUS V(x) =

= u(x)v(x). Torma dy = %V+ u av U ypaBHeHHE (8.2) MpUMeET BH]T
dx dx dx
%v+ u% +a(x)uv= f(x),
dx dx
HJIn
VAUl Y ov | = (. (8.3)
dx dx

BribepeM ¢GyHKIHIO V Tak, YTOOBI BEIPAKEHHE I:%-F al(x)v} obparu-
X

JIOCh B HYJIb!:
av +a;(x)v=0.
dx

[TonyyeHHOE ypaBHEHHE SBIIAETCA YPABHEHHEM C Pa3IelISOIMMUCS
nepemeHHbIMU. OTCrofa HaxoauM (yHkiwoo V. [TogcraBus V B hopmyity
du
(8.3), momyunm: Vd_ = f(x).
X

OTO TaKKe YpaBHEHHME C pasleisioIlluMucs nepeMeHHbiMu. OTcrona
Haiinem ¢yHKuio u. Utak, y = uv.

y=xvx®+1.

IIpumep 8.4. Pemnts ypaBHenue y'—— 1
X°+

Pewenue
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d v
TTonoxum y = uv, Torna & du V+u d

dx dx dx’
Orcrona ciemyer:

%v+udv 22X uv = xvx2 +1;
dx dx x°+1

v% [%—2 }:x\/x2+1.
X

dx x2 +1

dv X
BI)I6Cp6M \' Tak, ‘ITO6I)I BBITTIOJIHAJIOCH paBeHCTBO d_ — 2 2 1
X X+

v=0.
[omyumnm:

dv o X Q_J- 2X

2 ’ - 2 dx;
dx X +1 VX X +1

InV| =In(x*+1); v=x"+1;

(x +1) —x\/x +1; du= dx; u=vx?+1l+c;
x* +1
yz(x2 +1)(\/x2+1+cj.

Ypaenenue bepuynnu.
VpaBHeHne bepHynu UMeeT Cleayomuil BU:

Yy +p(X)y=q(x)y", rnen#0,n#1.

VpaBHeHre bepHyIIu NpUBOAUTCS K JIMHEMHOMY YPaBHEHUIO JIEJICHU-
eM obenx uacTeii Ha y" U BBeJeHHEM HOBOM dyHkimun Z = y* .

8.6. YpaBHenne B nmoJHbIX A depeHnuanax

Eciu B ypaBuenuu (8.1) M(x, y)dx + N(x, y)dy = 0 yieBast yacth ecTh
nonHeli quddepernman Hekotopoi GpyHkuuu u(x, y), TO OHO Ha3bIBaETCA
ypaBHEHUEM B NoJHbBIX Auddepennmanax. Ero oOmee pemenue:

ux, y) =c;
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xdy+ydx=0<d(x,y) =0=xy =c.

3ameyanue. [ns Toro uytoObl ypaBHeHue (8.1) ObUi0 ypaBHEHHEM B
nodHbIX AugdepeHnuanax, HeoOX0JUMO U JOCTaTOYHO, YTOOBI BHIMOHS-

oM ON
JIOCH TOXKIECTBO —— = —,
OX
3aoaua Kowu.
Bo MHOrHX BOIpOCax TEOPETUYECKOrO M NMPUKIIAJHOTO XapaKTepa Tpe-

dy

Oyercsi cpemu Bcex pemieHnd audGepeHInaTbHOTO ypaBHEHUS d—=
X

= f (X, y) Haiitn pemrerre y = y(x), yIOBIECTBOPSIONICE YCAOBUIO ypaBHE-
Hus (8.1) y = yo IpH X = X, T/A€ Xo U )o — 3a/IaHHBIE YUCIIA, T. €. TAKOE pe-
HICHHE, B KOTOpOM (QYHKIHMsS y(X) MPUHMUMAET 3HAUYCHUE )y, SCIIU HE3aBH-
CHMYIO TIEPEMEHHYI0 3aMEHHTB X, TaK 4TO Y(Xo) = Vo.

I'eomeTpruyeckd 3TO O3HAYAET, UTO HINETCS WHTETpaibHas KpUBas,
npoxosaias yepe3 Touky M(xo; o). YcmoBue (8.1) HaspIBaeTCS Havallb-
HBIM YCJIOBUCM PCUICHHA, a YHUCJIA Xg U Yo — HaYaJIbHBIMU JAaHHBIMH 3TOI'O
peleHHs.

3amaua  HAXOXKJCHUS PEIICHHS, YIOBICTBOPSIONIETO 3aaHHOMY
HavanbHOMY ycioBulo (8.1), Ha3bIBaeTcs 3adauetl Kowiu.

Tecmut
BribepuTe mpaBUIIbHBIN OTBET.

Tecm 8.1. OOBIKHOBEHHBIM TU(PepeHINAILHBIM YPAaBHEHUEM SBIISIET-
csl ypaBHEHHE:

1)cosx+2=1,;
2) 4¢* —7cosx=5;
3) sinx-y'=1;
4) sin3x=Yy;
5) X—2+y—2:1.
7 9

Tecm 8.2. TuddepeHnanbHpIM YpaBHEHHEM TIEPBOTO MOPSIKA SBIISI-
eTcs ypaBHEHHE:
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1) y'+2xy =cosx;

2) 2x—e*y=0;

3) 3y"+y'ctgx+y=4
4)8y"+y —-2=Inx;

B) 3xy"+.[y' =7.

Tecm 8.3. luddepeHnnaibHbBIM ypaBHEHUEM C Pa3IeNIIOUIMMUCS T1e-
PEMEHHBIMU SABISIETCS. YPABHEHHE:

1) 2y-Inx=0;

2) y' =cCosX;
X

3 = :

)y X+ 2y

4) y"+3y—-6=0;

5) y"+y +1=sinx.

Tecm 8.4. PeurenneM auddepeHuatsHoro ypapaerus Y = 2X° spis-
eTcsl ypaBHEHHE BHUJA:

1) y=6x’;

2) y=x

3) y=0;

X4

4 y="r

5 y=x

Tema 9. JMHEWHBIE JANPDOEPEHIINAJIBHBIE YPABHEHUA
BTOPOI'O ITOPAJIKA

9.1. O6u1ue cBoiicTBa peleHMiT TUHEHHBIX TH(depeHINATBHBIX
YPABHEHHUI1 BTOPOro0 MOPSIAKA

Jluneiinoe auddepeHImaibHOe ypaBHEHHE, Y KOTOPOTO MpaBas 9acThb
paBHa HYJIO, HA3bIBACTCS 0OHOPOOHBIM, B TIPOTUBHOM Cllydae, — HEOOHO-
POOHBIM.

OyHKIMH y; B V, HA3BIBAIOT JTMHEHHO HE3aBUCHMBIMH, €CIIH JUIS BCEX
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YHUCeN 0, Oy U3 TOXKIECTBA 1)1 + 0z), = 0 cnemyert, uto oy = oy = 0. Ecou
X0Ts ObI OJTHA M3 TIOCTOSTHHBIX OTJIMYHA OT HYJISA, a TOXKIECTBO BO3MOXHO,
TO y1 M Y TUHCHHO 3aBUCUMBI.

Hanpuwmep:

1) e"* u e*** — nuneiino HeszaBuCHMBI pH Ky # Ko;

2) e u xe® — MUHENHHO HE3aBUCUMBIL

3) e™sinBx u e™ coSPx — nuHeitHo He3aBUCHMBI, ey B # 0.

Teopema 20. Ecnu y, u y, — Kakue-1ubo 06a JNUHENHO He3a8UCUMbBIX
YACMHBIX pPeuleHUss 00HOPOOHO20 NIUHENH020 Ou@depeHyuanvroco ypaes-
HeHUsi 8Mopo20 NOPSIOKA, MO €20 00WUM peuleHueM CIyiIcum QyHKyus
Y = cy1 + Cayy, 20€ 1, Cp — NPOU3BOIbHBIE ROCIOSIHHbLE.

> [Tokaxkem, 94TO QYHKIMS ¥ = c1y1 + ¢y, IPH MIOOBIX 3HAUCHHSAX €1 U
¢, sBIIsIeTCS pereHueM aupdepeHaIbHOr0 ypaBHEHUs. DTO MPOBEPsIeT-
Csl HETIOCPEICTBEHHOW ITOJICTAHOBKOM. Takum obpa3oM, GyHKIUSA y = c1)p +
+ 3y, €CTh pEllleHHE ypaBHEHUS, COAEPIKAILEE JIBE HE3aBUCUMBIE IIPOM3-
BOJIBHBIE TIOCTOSIHHBIE, T. €. 00IIee PELICHUE YPaBHEHHUSI.

Mo>HO moKa3aTb, 4TO €CJIH V1 U y; — JUHEHHO HE3aBUCUMBbIC YaCTHBIE
peLICHNs] YPaBHEHMS, TO BCE €ro PEIICHHs HCUEPIBIBAIOTCS (OPMYIIOi

Y=t ey <

Teopema 21. Obwee peuwienue nuHeliH020 HEOOHOPOOHO20 Jughepen-
YUAnbHO20 YPABHEHUs eCMb CYMMA €20 YACMHO20 peueHus u oowe2o pe-
WieHUs cOOMEemcmayoue20 emy IUHeliHo20 00HOPOOH020 Oudgepenyu-
ANbHO20 YPAGHEHUS.

> JlokaxxeM TeopeMy JJisi TMHEHHBIX HEOJHOPOIHBIX TU(QepeHIInalb-
HBIX ypaBHEHHMI BTOpOro nopsaka. IlycTe Z — 4acTHOe peleHue ypaBHe-
HUS, a c1)1 + Cp)p— 0011ee pelIeHHe COOTBETCTBYIOLIET0 €My OJHOPOIHOTO
ypaBHeHus. Clie1oBaTeIbHO, BHITOTHSIIOTCS PAaBEHCTBA:

2"+ pz' +qz=f(X);

(Cyr + czyz)" + p(Crys +CoY2) +q(Crys +CoY2)=0.

[Mokaxxem, 4To QYHKIIUS

y=ztcyr1tcyn 9.0)
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€CTh pEIIEHUE HEOJHOPOJHOIO YpaBHEHHS. JTO HETMOCPEICTBEHHO IIPOBE-
psAeTcst MOJICTaHOBKOM.

Takum obOpa3om, ypaBHeHue (9.1) sBIsSETCS pEUICHHEM, COACPKAIIIM
JIBE HE3aBUCUMBIC MPOU3BOJIBHBIC TOCTOSHHBIC, T. €. OOIIUM pElICHHEM
HEOJTHOPOJTHOTO YPaBHEHUS. <

9.2. JIuneiinbie 0qHOPOAHBIE MU PepeHIHATIbHbIE YPABHEHUS
BTOPOI0 NMOPSAJKA C MOCTOSSTHHBIMHU K03 PUuIMeHTAMHU

[Tycts TpeOyeTcs pemuTs TuHeHoe ogHoponHoe AuddepeHIraIbHoe
YpaBHEHHE BTOPOTO MOPSIAKA

y"+py +qy=0, (9.2)

rae p u q — IIOCTOSHHBIC BCJIIMYHHBI.

Kaxk cremyer u3 Teopemsi (20), a71st TOXydeHHUs OOIIETO PEIICHHS 3TOTO
YpaBHEHUS JIOCTaTOYHO HAWTH J[Ba €rO JIMHEHHO HE3aBUCHMBIX PEIICHUS.
Bynem uckath ux B BUIC )y = e’ . Torma y = ke y'= k*e* . IMoxcrasus
», ¥, y" B dopmyny (9.2), momyqanm:

k% + pke® +qe* = (k2 + pk+q)ekX =0.

2
3naunr, K° + pk + q = 0. D10 KBajgpaTHOE ypaBHEHHUE HA3BIBAETCS Xd-
pakmepucmuieckum ypasHeruem JIMHEHHOTO OTHOPOTHOTO AudQepeHIu-
aTBHOTO YPaBHEHHUS.

Vrak, GyHKims y = e sBiseTcss 4acTHBIM pereHneM ypasHeHus (9.2),
ecii K — KOpeHb XapaKTepUCTUYEeCKOro ypaBHeHust. KOpHU MOTYT OBIT:

1) neiicTBUTENBHBIMU U PAa3TUYHBIMH;

2) NeCTBUTENBHBIMY U PABHBIMU,

3) KOMIIJICKCHBIMH.

1. Ecnn KOpHHM XapaKTepUCTHYECKOTO ypaBHEHUS OeliCmeumenvHvle U
pazmuunsie (Ky # ky), Torma dyHxumm y; = e u y, = e** — wactHsIe pe-
nieHust ypasHeHus (9.2) ¥ OHU JTUHEHHO HE3aBUCHMBI. 3HAYHT, MO TEO-
peme (20) y = €.e* +,e"* — oGwmee pemenue ypasrenus (9.2).

2. Eciu KOpHU XapaKTepUCTHYECKOTO YPaBHEHHS OelcmeumenbHble

u pasnvie (Ky = K,), torma D =0, ky =k, = __Zp
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p

—X
[MTosToMy mosty4aeM OJJHO YacTHOE pelieHue: y; =€ 2

P

—X
IMocTaHOBKO# MOKHO MOKa3aTh, YTO QYHKIUS Y, = X€ 2 TaKKe ecTh

yactHoe pemienne (9.2). Orcioga 3akio4yaeM, 4To ) = ce™ + Czekxf 00-

P

niee pemenue ypaBaenus (9.2) ¢ k = -

3. Ecni KOpHU XapaKTepUCTUYECKOTO YpPaBHEHUSI KOMHIEKCHble, TO B
2

p

aToM ciayyae D = — q < 0. Iloatomy kopHu ypaBHeHHs (9.2)

HUMEIOT CIAEAYIOIINNA BUI:

2 2
ke =—g+i,/q—'°T = a+Bi; ko =—g—i,/q—'°T = a—Pi,

2

rae oc=—£; B= q—p—.
2 4

B sTOM cilyuae 4YacTHBIMH peUIeHUSMH ypaBHeHHS (9.2) sABISAIOTCA

Gynkmun y; = e sinBx u y, = e* cosPx. [posepum 310 11 GyHKIMK

y1 = e”sinBx. s 910ro HaliieMm ee mepByrO W BTOPYIO TPOU3BOJHEIE,

MMpeABAPUTCIbHO 3aMCHHUB O HA —g B BBIPAXXCHUU JJIA V1.

!

Py Py
y1=|e 2 sinpx =(—§sian+Bcosije 2

"__ _B _P2cqi _B _B H _gxz
yl_{ ZBCOSBX [3°sin Bx 2[ 25|an+Bcos[3xﬂe

Py
2

= {p?zsin Bx — ppcospx —psin Bx}e

ToncTaBnsst y1, Vi, Y1 B ypaBHeHue (9.2), HONyduMm:
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p p

[p?zsin BX— pPcospx—PB2sin BxJe_2X + p(—gsin BX+ BCosije_2X +

4
2 2

Y p

lpu B=,/q- 7 BBIDAKEHHE Y +0q—Pp?=0; y; — yacTHOE pemre-

B, 0’ B,
+qsinpxe 2 =( +q—B2jsiane 2 =0.

Hue ypaBHeHus (9.2).
AHAJIOTMYHO MOYXKHO TI0KA3aTh, UTO Y, = €% COSPX — 4acTHOE pelieHue
ypaBHeHus (9.2).

Takum oOpa3om, HaliIeHBI 1B YACTHBIX pelieHus ypaBHeHus (9.2), ko-
TOpBIE JINHEHHO HE3aBUCHUMBI.

ITo Teopeme (20) Gpyukuus Yy =™ sin X +c,e* cosPx spusgercs 06-
MM peleHneM ypaBHeHus (9.2).

9.3. JIuHeliHble HeOAHOPOAHBbIE AU pepeHINATbHbIC YPABHEHUS
BTOPOI0 NOPS/AKA C NOCTOAHHBIMU K03 puumnentamu

U3 teopemsr (21) crenyer, 9To IS pemIeHUs JIMHEHHOTO HEOIHOPO/I-
HOTO YpaBHEHHS HEOOXOIMMO HAWTH KakKoe-HUOYJb YacTHOE pelleHue
3TOTO ypaBHEHUs] W OOIlee pelieHre COOTBETCTBYIOIIETO OIHOPOIHOTO
ypaBHeHusi. CymMMa 3TuX QYHKIHN U JaeT o0Iee pelieHne TaHHOTO ypaB-
HeHUs. PemeHuss OMHOPOAHBIX ypaBHEHHH IPUBENCHBI BbIIe. YacTHOE
pelieHue Haso Mo0upaTh B 3aBUCMMOCTH OT BHa GyHKImH f(X).

[lycts mano ypaBHEeHUE

V' Epy +qy =1, (9.3)

1. IlpaBas wacth ypaBHeHUs (9.3) ABISIETCS MHOTOWIEHOM BTOPOH CTe-
nenu f(X) = ax® + bx + ¢(a # 0).

Bbynem nckarp pemenne ypaBHeHUs (9.3) B BHIIe MHOTO4YIEHA BTOPOM
crenenn Y = AX* + Bx + C. Onpenenum kodddummentst 4, B, C. Jls 3to-
ro Beipaxernus Y, Y', Y” nmoacraBum B ypaBHenue (9.3) B pesynbrare mo-
TY4IHM:

24 + p(24x + B) + q(4x* + Bx + C)=ax” + bx + c.

Otcroma cienyert: gA = a; 2Ap + Bq=b; 2A+Bp + Cq =c.

IIpu q # 0 3Ta cuctema, O4EBUIHO, UMEET EMHCTBEHHOE pelieHue. Ec-
mu ke g = 0, To gacTHOE penieHne ypaBHeHus (9.3) cieayeT ucKaTh B BUJIE
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Y = x(A + Bx + C); Y = A + Bx? + Cx. Boipaxerns Y, Y/, Y mogcraBum
B ypaBHeHHe (9.3) u, yunutsiBas, uyto = 0, momydum:

6Ax + 2B + p(34x° + 2Bx + C)=ax’ + bx + c,
Win
34px® + (64 + 2Bp)x + 2B + Cp=ax’ + bx + C.
Orciona ciemyer:
34p=a;64+2Bp=b; 2B+ Cp=c.

IIpu p # 0 cucrema umeet eauHCcTBeHHOE perenue. [Ipu p=0uq =0
noydum: y” = ax’ + bX + C. DTo ypaBHEHHE pelIaeTCs ABYKPATHBIM HHTE-
TPUPOBAHHEM.

AHAJIOTHYHO MOXHO pacCykaaTh B ciaydae, korga f(X) — mHOrounreH
n-U CTENEHHU.

2. TIpaBas 4acth ypaBHenust (9.3) — nokaszarenbHas GyHkmus, T. €. f(X) =
— bx
=ae”.

YacrHoe pemenne Gyaem nckats B Buae Y = Ae™. TToxcrasus y, ', y" B
ypaBHeHHE (9.3), TOTyUnM:

Ab%e™ + Abpe™ + Age™ = ae”™;
Ab%+ Abp + Aq = g;
AP*+bp+0q)=a.

A ompesiesnsieTcst 0THO3HAYHO, €CITH b? + bp+qg#0, 1. e. ecnu b He a8B-
JIIETCS KOPHEM XapaKTEPHCTUUECKOTO ypaBHeHus. Eciu b — otHOKpaTHbIi
KOpPEHb XapaKTEPUCTUYECKOrO YPaBHEHHMS, TO PELIEHUE UIEM B Buje Y =
= Axb™. Haiigem Y’ u Y. Tlogcrasum Y, Y', Y” B ypasaenwue (9.3) u mory-
YHM:

A(2b + bX)e™ + pA(1 + bx)e™ + Agxe™ = ae™,
W
A[x(b*+ pb + q) + (2b + p)]e™ = ae™.
Io yenosuto b? + bp + g = 0, mosromy A(2b + p) = a.
Ecmu 2b + p # 0, T0 A onpenensercst onno3nauno. Ecimu 2b + p = 0 win

b :—g, To D sBnseTcs ABYKpaTHBIM KOpPHEM XapaKTePHUCTHUECKOTO
ypaBHEHUs, U YacTHOE pelieHne OynemM uckath B Buae Y = Ax%e™ =

_px
= Ax%e 2 .Toxcrasus Y, Y',Y” B ypasuenue (9.3), momyanm:
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pX _Px _px _px

(2A—2Apx+%Ap2x2Je_12 + p(ZAx—%AprJe 2 1AK% 2 =ae 2,

2
p 2
2A—A — -0 |X“ =a
2

2
P — . P,
Onpnako ——0 =0, mostomy 24 =a; B=,/q——; A=—.
THAK 2 q MO3TOMY a;, B=4/q 2 >

HnIIn

Hpumep 9.1. Pemuts ypasuenne y"+ 3y’ — 10y = 9e™,

Pewenue
[TpaBas yactb ypaBHeHus (9.3) — TpuroHoMeTpryecKast GyHKIUS:

f(x) = asinwx + bcoswx, rae  # 0.
YacTtHoe pemieHue umeM B Buae Y = ASinoX + BcoswX. [ToacraBus
Y,Y', Y" B ypaBHeHue (9.3), moyyuum:
(—-Aw?® — Bpo+ Ag)sin X+ (—Bw? — Apm-+ Bg) coswx = asin ox +bcoswx.

OTcroza UMeeM:
A(q—»?)-Bpo =a,
B(q—o?®)— Apo =b.
Peuras cucremy, nosnyuum:
_a(q-o’)+bpo _ b(g-o?)+apw
(@-o)*+p’’’ ~ (q-0?)+pio’

3uaunT, KodGUIMEHTs A 1 B Olpe/ieNe bl OHO3HAYHO, eciH (0 — o) %+

+ pzoa2 #0. Tak Kak ©° # 0, To 3TO BO3MOXHO JlIb B cinydae p = 0;
q= o> Torna ypaBHEHUE IPUMET CIEAYIOLINNA BU:
y" + @’y = asinox + bcos ox.

YactHoe pemenue Oynem uckath B Buze Y = X(Asinox + B cos ox).

Haiinsg Y” w noacrasuB Y u Y B mmociieqHee ypaBHEHUE, TIOTYINM:

2A® COS®X — Bosinax + X(—Aw? sin oX — Bo? cosmx) + (Asin ox +
+ Bcoswx) = asin ox +bcoswX,
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nin
2Am cosmXx + 2Bosinmx = a sinwx + bcosmx.

[Tockonbky ® # 0, To 4 U B onpeeneHbl OAHO3HAYHO.
Tecmui
BribepuTe npaBHIBHEIN OTBET.

Tecm 9.1. Xapaktepuctuueckoe ypaBHeHue umeeT D > 0. 3Hauur, 00-
mee pemeHue ypapHenust y'+ py' +qy=0:

1) y=ce" +ce";

2) y=gsinx;

3) y=Ae;

4) y=e"(cy +Ccox);

5) y=cx+cC,.

Tecm 9.2. JIluHeHBIM OAHOPOAHBIM MU GEpEeHINANIBHBIM YPaBHEHU-
€M BTOPOTO MOPSJIKa C MOCTOSHHBIME KO3 (QHUIIMEHTAMH SBISIETCS ypaB-
HEHUE:!

1) y'=e¥;

2) y"-5cosxy =Inx;
3) y'+5y-y=0;

4) y'+7y'+y =4x>;
5) y'+tgx=38y.

Tema 10. IPUJIO)KEHUSA CTEIIEHHBIX PSI/IOB
K NPUBJINKEHHbBIM BBIYUCJIEHUAM

Bo3moxHOCTB PA3TIOKCHHUA Q)yHKHHﬁ B CTCICHHBLIC PsAJbl U CPAaBHU-

TeJIbHAs POCTOTA BBIpAKEHHUN [T K03 GUIMEHTOB psina MakiopeHa ne-
JIAIOT CTENEHHbIC PsObl HE3aMEHHMBIM CPEACTBOM NPHUOIMKEHHBIX BbI-
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yucieHuil. Hmwke 3To monokeHrne WLTIOCTPUPYETCS Ha HECKONBKHUX TMPH-
Mepax. [lomgepkHeM, 9TO B KaXKIOM CiIydae JKelnaTelnbHa OleHKa OIIMOKH,
MOJIy4aeMOU TP 3aMEHE Psiia TOM WK HHOM YaCTUYHOU CyMMBI.
Ilpuébnustcennoe naxoxcoenue 3HaueHull QyHKYU.
ITokaxem, Kak perraercs dTa 3amada, Ha IpHUMEpe JOTapruPpMUIECcKOit
GyHKITHH.
2 3

X X
Nmeet mecto paznoxkenue IN(l+X)=x——+ 3
3aMEHHUB x Ha —X, [TOJIyUYUM:
2 3
X X
Inl-x)=—Xx———-——-—
2 3
Beruurast U3 nepBoro paBeHCTBa BTOPOE, HAXOHM:
1+x x3 >
IN——=2 X+ —+—+...|, (10.1)
1-x 3 5

rae |x| <1

®dopmyna (10.1) ouenr ymoOHa s HaxoxkzacHus Jorapudmos. [pu
9TOM CJIEIyeT UMETh B BUIY, 4TO ocTaTok psiaa (10.1) ouneHuBaeTcs jierko.
Tak kak OTHOIIICHHE MOCJICIYIOIETO YWieHa Psijia K MPEIbIIyIIeMy PaBHO
x2n+1 . infl 3 2n_1X2
2n+1 2n-1 2n+1

X2n—l

2
a 3HAa4YuT, MEHbIIE X, TO Ipu x > (0 OCTATOK psifa MOCIE YIeHA
2n-1
MEHBIIIE, YEM CyMMa WICHOB T€OMETPUUECKON MPOrPECCUU C MEPBBIM HJie-
x2n+1
HOM 2

U 3HaMeHaTeleM ( = X2, T. €. MEHBIIIE, YEM
2n+1

2x2n+l

n= m (102)

[lycts, Hanpumep, Tpedyercs HaiTH In3. [lomaras L+x
-X

=3, HaXOINM

1
x = —. Tak kax E < 1, TO MOXEM BOCIOJNIb30BaThcs paznoxkenuem (10.1)

2
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1
IIpu x = E H 3a1ucCaTh:

ws-{3-3(2) 3T 36 )

Eciu OrpaHUYMBATHCA TOJIBKO MEPBBIMUA YCTHIPbMS WICHAMU pdAaa, T. €.

3aIInucarTh.
In3= 2 1 — ! +— L
2 24 160 896)

T0 cornacHo oneHke (10.2) ommbka Oyaer MeHbIIe, 4eM

111 11 1
2°9, . 1 2827 1728
4

3ameuanue. Yncio e — OCHOBaHHE HATYPaJbHBIX JIOTApU(PMOB — MOXK-
HO HaXOJUTh C JHOOOH TOYHOCTBIO MPHU MOMOIIX Pa3oxeHus B psa. B ka-
YyecTBEe MTpUMepa BEIYUCIUM e ¢ TOYHOCThIo 10 0,001. Mmeem:

1
e=1l+—+—+—+
21 3
OcTatok psiia mocie wieHa (n-1)! OIIEHUBAEM CIICAYIOIINM 00pa3oM:
n-1)!
1 1 1 1 1 1 1 n+1
— +ot—| 1+——+ +.o. == =—
nl (n+1)! nl n+l (n+1)? nt,_ 1 nin

n+1

8
[Tonarast n = 7, HaXOUM, YTO OCTATOK MEHBIIIE ﬁ U, CJICIOBATEIBHO,

Menble 0,001. Utak, ¢ Tounocteio 1o 0,001 nomyunm:

—+ =
1 2073 4 5 6
Ilpuobnusicennoe vruucnenue KopHeil.
IycTs, Hanpumep, TpeOyercss BBHMUCIUTL 1650 ¢ TOUHOCTBIO 0

0,001. Jlerko Haiity ey 4dactb umcia 3650, Tak kak 5° = 625 < 650,
a 6" = 1296 > 650, To HeMas YACTH paBHA 5. 3anUIIEM Tereph PABEHCTBO
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1
4/650 = 4/625+ 25 = 4]5* (1 + :755) =5(1+ %5)4

IIpumenuB paznoxxeHue

a(o—1) 24 o(0—1)(a—2) 3

A+x)* =1+ax+
1.2 1.2-3

+.o.  (103)

MOy IHM:

Jego_g1s L. L M.(LTJGIJGZJ(LJZ

1
AT AW 25 1.2.3 25

UneHsl psfa, 3aMCAaHHOTO B KBAJPATHBIX CKOOKaX, UMEIOT Yepeaylo-
HIMEeCs 3HAKU, a UX MOJYJIH MOHOTOHHO YOBIBAIOT (IIPOBEPHTE 3TO, COCTA-
BUB OTHOIIECHHUE IOCIEIYIOUIEro WieHa K npeapinymemy). CornacHo Teo-
peme JleitOHUIAa OCTATOK psifa mociie N-TO WieHa He MPEBOCXOAMT 0 MO-
aymo (N + 1)-ro wiena psaa. B wacTHocTH, nonaras, 4to

1(1_1j
4650~ 51+ L +4 4 L

4.25 1.2 25% ]

MBI JIOIYCTHM OIIMOKY, HE MPEBBIIIAIONIYI0 TI0 MOAYIIIO YHCIIa

T EN)
ala \a ") 1 137 1

1.2-3 25%  1.2.3 100°
Hpuﬂﬂu.ﬂceuuoe éblyuUC/iICHUEe unmezpaﬂoa.

=0,0000035.

1
7x2 3
ITycth TpeOyercst BBIYMCIUTH MHTErpal | =Ie dx. HeomnpeneneHubrii
0

MHTErpall OT YHKIUH e ne BBIpa)KaeTcs B 3JIEMEHTapHBIX (PYHKIHAX,
MO3TOMY MBI BBIHYXJIEHBl OIPAaHMYHUTHCS MPHOIMKEHHBIM BBIYHCICHUEM
naTerpana |. Haiinem | ¢ Tounoctsio mo 0,01.

Hcnonbp3ys pasnoxeHue
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2 3 Xn
e =l+x+—+—+...+—,
213 n!

CIpaBeUIHBOE JIs BceX x (cM. popmyny 10.3), Haxoaum:

4 .6 2n
et =1-t2 +t——t—+...+(—1)n Loy
21 3 n!
WuTerpupyst 5TOT psiji owieHHO B mpeaenax ot 0 o 1, momyqum:
I =1_l+£.l_i.l+“_+(_1)nl 1 .
3 225 37 n'2n+1
Jns HaxoxaeHus | ¢ TpedyeMoi TOUHOCTHIO TOCTATOYHO B3SITh YEThIPE
1 1
MepBLIX uileHa psaga. Torga monyumm: | =1—-—+-———, nmpuyem ocrta-
P P Y 3710 4277

TOK IIO MOZ[y.]'HO HEC HpeBOCXOI[I/IT IIATOI'O YJICHA p;{z[a, T. €. UHUCJia %5 =
E T N
24-9 216

Tecmu
BribepuTe mMpaBUITbHBINA OTBET.

Tecm 10.1. [Ins npuOIM>KEHHOTO BBIYMCIICHUSI KOPHEH HAJI0 BOCIIOJb-
30BaThCs paziokeHueM B psiJl MakinopeHa QyHKINU:
1) sinx; 2) (1 +x) 3) arctg x; 4) In(1 + x); 5) €.

Tecm 10.2. [Inst npuOiIMmyKeHHOTO BBIYUCICHUS JorapuMOB HAZ0 BOC-
MIOJI30BAThCSI PAa3JIOKEHNUEM B psiJi MakiopeHa QyHKIHH:
1) sinx; 2) (1 +x) 3) arctg x; 4) In(1 + x); 5) €.

Tecm 10.3. [Ins mpuOMmKEHHOTO BBIYUCIICHIS YUCIIA € HAI0 BOCIIOh-
30BaThCs PA3NIOKEHUEM B PsiJi MakiopeHa QpyHKIH:
1) sin x; 2) (1 +x) 3) arctg x; 4) In(1 + X); 5) e*.
OTBETbI HA TECTOBBIE 3AJJAHUA

Homep
TecTa

IMpaBunbHbII
OTBET

Homep
TecTa

ITpaBunbHBIH
OTBET

Homep
TecTa

IMpaBunbHBII
OTBET

1.1

4

24

4

51

1
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1.2 2 31 1 52 1
1.3 3 3.2 1 53 2
1.4 4 3.3 1 6.1 3
1.5 5 41 3 6.2 1
2.1 1 4.2 3 6.3 5
2.2 2 4.3 1 6.4 4
2.3 3 4.4 3 6.5 5
IIpononxenue
Howmep tecra IIpaBuibHBIN OTBET Homep Tecra IIpaBuiIbHBINA OTBET
7.1 3 9.2 3
7.2 2 10.1 2
7.3 3 10.2 4
8.1 3 10.3 5
8.2 1
8.3 2
8.4 4
9.1 1
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349 c.
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